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PREFACE. 



At the urgent solicitation of a large number of teachers, I 
have at length consented to publish a Key to my Treatise on 
Algebra. It will probably be found convenient to many teach- 
ers who are just commencing the business of instruction, and 
also to those who are obliged to give instruction in a large 
number of departments, and consequently have but little time 
to devote to the preparation for any single subject. I have 
hitherto declined to publish this Key, from the apprehension 
that it might fall into the hands of young pupils, and thus bo 
the means of defeating the main object to be secured by the 
study of Algebra. To most persons who are pursuing a course 
of scientific studies, the principal advantage to be anticipated 
from the study of Algebra is mental discipline ; and a student 
can only hope to attain this object by the effort to overcome 
difficulties in reliance upon his own resources. The student 
who begins the study of Algebra with the determination to 
work out every thing for himself without assistance, soon ac- 
quires confidence in his own powers, and is daily becoming 
better prepared to encounter future difficulties ; while the in- 
dividual who resorts to a Key for assistance as soon as he en- 
counters some slight difficulty, is sure to lose confidence in his 
own ability, and acquires a habit of shrinking from severe ef- 
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fort, which probably will not be confined to mathematical sub- 
jects. It should, therefore, be the aim of every teacher to pre- 
vent his pupils from having access to the Key ; and each pupil 
should be fully aware that, if he depend upon a Key for assist- 
ance in preparing for his recitations, although he may seem to 
have attained a present advantage, he will in the end sink very 
much below his companion who relies entirely upon his own 
resources in contending with mathematical difficulties. 

Elias Loomis. 
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Ex.2. —g=2b—8. 



Ex.3. 



CHAPTER L 
Abt. 36, Pagb 18. 



6a;- 4 



a+b' 



„ Sx 3b ^ 

Ex.4. ■2-+5=-=— 17. 

_, ^ 6a!+5 2a;+4 , 

JliX. 5. q 1 K — =OW!. 

Ex.6. ^^>M.m+n+x+y). 

Abt. 38, Pagb 20. 

Ex.4. 4+- . -=4+-5-=9. 

V48 + 16 8 

Ex.5. V25-24+-/48+16=Vl+V64=H-8=9. 
Ex.6. 3\/4+12V12+5+8=6+60=66. 

Ex.7. (3\/4+12)v'12+5+8=18-/25=90. 

^ „ 36 15 12 30 ^ „ „ „ „ 
Ex.8. — — g-+-g— j^=6-3+2-3=2. 

36x25xl6x64f3x6x5x4x8+2 921600+2880+2 „^^ 
■'^^•^- 6x5x4x8+1 ~ 960+1 ~^^^- 

Ex.13. v'10+6-Vl0+6=Vl6-Vl6=4-2=2. 
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Ex.14. 5(16+36)+4x3x9=260+108=368. 

Ex.15. 81-108+63-18 = 18. 

Ex.16. V6x2+5x 3 + 2+3= V^+2+3=10. 

16+36-25 144 j 324-105 + l 27 144 220 
ll.x.17. 4_g^5 +4+12 6+4 "" 3 "^ 16 "* 10 

=9 + 9-22=-4. 
T. ^o . ( 3 5 18) , 23 ^^ .. 
Ex.18. 4 1 2+i+ y \ =4x-j=23. , . 

216-64 152 ^ 
JLX.19. ig+24 + 36"" 76 ~^' 



Ex.3. 12J+15a?. 

Ex.4. 15a-llaj2. 

'Ex.5. 20a+12y^ 



Ex.3. 6ay-19. 
Ex.4. 8a^x. 
Ex.5. -5a»-ll&. 



CHAPTER II. 
Aet. 40, Page 21. 



Art. 41, Page 22. 



Art. 42, Page 23. 
Ex.8, fla?— 5. 
Ex.9. 10a?H9. 
Ex.10. 9aV+6ax. 
Ex. 11. 7a'^i^(^. 
Ex. 12. eax^—ix. 

Art. 44, Page 24. 

Ex. 4. {2+a+h)x+X3+b+ 3m)xy. 
Ex.5. lm+Sa+4:b)x+{n-2+a)y. 

Ex.6. {4m+2a+b)Vx+2+y. 

Ex.7. lSa+4:b+m)x^+{2b-'a-'n)x+7. 

Ex. 8. (2t;f+3m+4)aJ*+(3J-n-fl^)£c3-4. 



ABT. 46. SUBTRACTION. ^ 

Ex.9. {a+b+c)mofi+{b-a'-l)nix?+{c+a+Sb)x. 
Ex. 10. {2a-c)Vx. 

CHAPTER HL 

Akt. 46, Page 26. 
Ex.12. Zh+m—ix. 
Ex.13. a^-aj2y^7^2_y3, 

Ex. 14. 2n. 
Ex.15. 2m+2n+2x. 
Ex.16. 7aHa-17. 
Ex.17. 5m3— 5m2+m-4. 
Ex.18. -10a?*+20a^-6. 
Ex.19. x^+a^x+5ax+a\ 
Ex.20. 9a5aj— aa?— 7mn. 

Aet. 48, Paob 27. 
Ex. 4. (47/1— 2a) Vx+ 4. 
Ex. 5. {2a - 3m)aj* + (3 J + n)a? - 9. 
Ex. 6. (a — J)maj3 + ( J + a)naf^ + (c - a)a?. 
Ex.7. (1— c)m. 
Ex. 8. 1 + (3a - l)iB2 + {5a + S)ao(^ + {7a + 5)a«a?*. 

Art. 50, Page 29. 

Ex. 4. 3a+2ft— 37/i-3a?». 

Ex. 5. 7a. 

Ex.6. 7a-5&. 

Ex. 7. 7a^a?y- 8 Joj^y + ll^y'- 12/. 

Ex. 8. - 2aoi? - 22a2aj2 + 17a^x + 4a*. 

CHAPTER IV. 

Art. 59, Page 34. 

Ex. 5. 63a«a;y. Ex. 15. 28a*JV. 

Ex. 6. 132aW(?«. Ex. 16. 105a-^2j3aj2^ 

Ex. 8. 72a"+*. Ex. 17. a'b^cPd^x. 

Ex. 10. 108a2-. Ex. 18. a^^js^a?. 
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Abt. 61, Page 36. 

Ex.4. a»-3a«5+3ai»-R 

Ex. 5. 3a' - 14a« + 13a - 20. 

Ex.7. 2a*+a^-6a'b''-2a'+17ab-12. 

Ex.8, a*-b*. 

Ex. 9. a' + (m + n)ab + mnh\ 

Ex. 10. 9a*- 4J V + 12Jx« - 9jC«. 

Ex.11, a;'— 19aj-30. 

Ex.12. aj^-Saj^-llas'+ldSa-SeO. 

Ex. 13. a»- J*. 

Ex.14. a5o+(a5+ao+5c)a?+(a+i+c)a!*+a!'. 

Ex. 15. a»-J». 

Ex.16. a»+3a»-22a-24. 

Ex,17. a!»-2a!'+l. 

Ex.18. 196a«a!«-36a*5V+12a»5iB»-a!*. 

Ex.19. a?—it^y—«^y^+a?'f—a^. 

Ex.20. 12a!«+ll»'y+7ar»-56ar»3r«+107a!y-45. 





Art. 65, Page 38. 


Ex.2. 


9a-7J+7c. 


Ex.3. 


115+14a-14J-12c. 


Ex.4. 


65a-17J+l7c. 


Ex.5. 


23a -51*+ 36c. 


Ex.6. 


-54J+106O. 




Akt. 66, Page 39. 


Ex.1. 


9a''+6aJ+J^ 


Ex.2. 


9a»+18ai+9J*. 


Ex.3. 


25a»+30a5+9R 


Ex.4. 


25a«+20o«J+4J». 


Ex.5. 


25a»+10a'J+J«. 


Ex.6. 


25a«+70o'J+49a»5». 


Ex.7. 


25a»+80a»J+64a*5«. 


Ex. 8. 


4a»+2a+i. 


Ex.9. 


l + T + T- T- 


Ex.10. 


Q_Le _l 1 968 
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Aet. 67, Page 39. 

Ex.1. 4a'-12aJ+9J^ 

Ex.2. 25a^^4:Oai+16b\ 

Ex.3. 36a*-12a2aj+a?. 

Ex.*. 36a*-3(wj^a?+9a?». 

Ex.5. x'^-xt/+^. 

Ex.6. 4r9a*-168a3i+144a'6^ 
Ex.7. 4:9a'b^-168aW+lUa'b^. 
Ex.8. 4a«-20a3+25. 
Ex.9. 4-*+|=V. 
Ex.10. 16-f+,V=^. 

Aet. 69, Page 40. 

Ex.1. 9a^--U\ Ex.5. 16a*-9mV. 

Ex.2. 49a2j2_ar^. Ex.6. 9a*b^-^a^. 

Ex.3. 64a2-49J^2; Ex.7. m»-l. 

Ex.4. 25a*-366«. Ex. 8. 16-4=^4^. 



CHAPTER V. 

Abt. 74, Page 42. 

Ex.5, ^^^od. Ex.8. -16ixJc*a?. 

Ex.6. — 5a2JW. Ex.9. -2a*. 

Ex. 7. 50a«J'. Ex. 10. 6a^b\ 

Aet. 78, Page 44. 
Ex.3. -40a2J2-60aJ+17. 

Ex.4. — 3Jh — — . 

a a 

Ex.6. -4aj3+7a;H3aj-.15. 
Ex.6. 2ajy-4aa^+'5aVy. 
Ex.7, a?— a2_|_a^— aj*. 
Ex. 8. - 3y3 + 4asf2— 5aV+ 7a^ 

A2 
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Abt. 80, Page 47. 

Ex.4. a*+4flj3aj+12aV+16aaj3+16ic*. 
Ex. 6. 16aj*— Ss^y + 4a?y _ 2^.^ + j^. 

Ex. 7. ix?—xy+y\ 

Ex.8. «.+3.+5+J^. 

Ex.9. a3_2a2j+2aJ2_J3, 
Ex.10. aj*+2a?3+3a;H2a?+l. 
Ex.11. s(?—xy+y^. 
Ex.13. 3aj*+3aj2y2+33^*. 

Ex.15, aj*— 5aj'+4. 
Ex.16. a2-2aJ+3J^ 
Ex.17, n^—xy+y'^+x+y+l. 
Ex.18, ah+hc—ac. 
Ex.19. a?+aJ>+b\ 

Ex.20. a^+a^J+aJH*^. 

Art. 86, Page 50. 

Ex.4. ^a'bXa-b-c). 
Ex.5. 4eiJ(<2a+3J-4c). 
Ex. 6. 5a5'(?(2maj - y + 1). 

Art. 87, Page 50. 

Ex.3. {aSb){a-Zb). 
Ex.4. (3a-4J)(3a-4J). 
Ex.5. (5a2-6J3)(5a2-6J3). 

Ex. 6. (2m7i - l)(277in - 1). 
Ex.7. (7a^J2_i2aJ)(7a2ft2-i2a5). 
Ex.8. n(n+l)(7i+l). 
Ex.9. {4ta^b-'Zmx){Aa^b-Zmx). 
Ex.10. w^n2(m+n)(m+n). 

Art. 88, Page 51. 

Ex. 2. {ZaJ>+iac){Zdb—^(ic). 
Ex. 3. «aj(flj2 + Zx){d!^— Zx). 
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Ex. 4. (a* + V){a + h){a - h). 

Ex. 5. . la*—db+V)(a*+ab+b')(a+h){a-h). 

Ex.6. {a*+b*)(a*+lf^a+b)ia-b). 

Ex.7. (l+i)(l-i). 

Ex.8. (2+|)(2-|). 

Abt. 89, Page 51. 

Ex.2. {a*—ab+b')(a+b). 

Ex.3. ia*-db+b')ia*+ab+b'){a+b){a-b). 

Ex.4. (o'+2ai+4J')(a-2a). 

Ex.5. (4a'+2a+l)(2a-l). 

Ex.6. 8(a*+ab+b*)(a—b). 

Ex.7. (1-3J+95')(1+3J). 

Ex. 8. (4a'- 6aJ + 9 J')(2a + 3 J). 

Ex. 9. ia?+b%a*+b*){a'+b'){a+b)(a-b). 



Ex. 4. 7aTnaf. 
Ex, 5. a— J. 



CHAPTER VL 
Aet. 93, Page 53. 



Ex.6. 

Ex.7. 



3x- 
2a 



1. 
8b. 



Ex.4. 



Aet. 97, Page 57. 



a'-3aJ+2J* 



a«_aft-2J' 



-2aJ+4i' 
Suppress the factor —2b. 

o«_ ai>-2b* 
a'—2ab 



a— 2b 



a+b 



ah -2b* 
ah-2V 
Hence a— 23 is the greatest common divisor. 



Ex.5. 



a»_5a'*+ 4a5' 



a>_5aJ+4J' 



a+4i 



4a»S_ aJ*- 3J' 

4a'&-20ffl5'+16y 

19aJ'-19i' 
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Suppress the factor 19b\ 

a'— db 



a—b 



a-4J 



-4aJ+46» 
-4aJ+4J' 
Hence a— J is the greatest common divisor. 



Ex.6. 



6af+ a?'— 44a?+21 
6aj'-26a^+46a?-42 



3aj»-13aj'+23aj-21 



27a;*- 90a; +63 

Suppress the factor 9. 

3a;»-13a;'+23aj-21 
3a;'-10a;»+ 7x 



Sa;*— 10a?+7 



aj-1 



- 3«'+16a;-21 

- 3a;*+10a;- 7 

6aj-M 
Suppress the factor 2. 

8a?'-10aj+7 
3a;'- 7a; 



3a?-7 



x-1 



— 3a;+7 

- 3a;+7 

Hence 3a; —7 is the greatest common divisor. 



Ex.7. 



a^-7^+ 8a^+28d;-48 
a^_8i»»+19a;'-14a;. 



aj»_8a;'+19a?-14: 



x+1 



a;»-lla;'+42a?-48 
aj3_ 8a;'+19a;-14 



- 3a;*+23a?-34 

Suppress the factor —1, and multiply the second polyno- 
mial by 3. 



3a;»-24a;»+57a;-42 
Sa;*— 23a;'+34a; 



3a;'-23a?+34 



Xy — 1 



— a;'+23a?-.42 

Multiply again by 3. 

-3a;'+69a?-12J 
-3a;'— 23a;- 34 

46a;- 92 
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Suppress the factor 46. 

ac*— 23a?+34 
3«*— 6a? 



x—2 



3a?-17 



-17a?+34: 
-17a?+34: 

Hence x-~2 is the greatest common divisor. 

Aet. 98, Page 68. 

Ex. 1. The quantities are 3m' x a% 8m* x 2b\ and 8m* X 4m«. 
Hence 3m' is the greatest common divisor. 

Ex 2. 



4aj»-21aj'+15a;+20 


aj'—6a;+8 


4aj' 24aj*+32a? 


4a?+3 


3aj'-17a;+20 
3aj*-18a?+24 

x- 4 

aj«_6a?+8 


a?-4 


aj'—4aj 


aj-2 


-2a?+8 
— 2a?+8 
fl.'- a?-12' 


a?-4 


a'— 4aj 


a?+3 



3aj-12 
3a;- 12 

Hence a?— 4 is the greatest common divisor. 



Ex.3. 



4«»— 6iB»-4aj+3 
4aj'+2a;'+2aj-2 



2«'+aj'+a?-l 



2 



— 8a;'-6aj+5 
Keject the factor —1, and multiply the last divisor by 4. 



8a;'+4aj'+4aj-4 
8a^+6a;'-5a; 



8a?'+6a;— 5 



Xy — 1 



-2aj'+9aj-4 



Multiply by 4. 



-8aj'+36aj-16 

-8a;'- 6a?+ 5 

42aj-21 
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Eeject the factor 21. 

8a;'- 4a? 



.2aj— 1 



4a?+5 



lOaJ-5 
10a;- 5 



6a^+ a;*— x 



2a?-l 



3a;'+2aj'+a? 



4a;'— X 
4a;"- 2a;* 



2a;'— a; 

, 2a;'— a; 
Hence 2a;— 1 is the greatest common divisor. 



Ex.4. 



3af+5a?^ x+2 
3a;»+3a;'-3a?+6 



af-{-ai^—x+2 



2a;'+2a;-4 

Suppress the factor 2. 

aj»+aj«— x+2 

af+a?—2x 



af+x-'2 



X 



a;+2 
a?+ x-2 
a;'+2a? 



a;+2 



a;-l 



— a;— 2 

— a;— 2 
4ai*+9a;'+2a;'-2a;-4 
4a;*+8a;» 



a?+2 



4a;«+a;'-2 



aj»+2a;'— 2a;-4 

a;»+2a;' 



-2a;-4 
-2a;-4 
Hence a;+2 is the greatest common divisor. 

Aet. 102, Page 60. 

Ex. 4. The quantities may be written 

5aaiby 2 x 6aiiiy and 2abx. 
Hence the least common multiple is 2 x 5a^b^x 
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Ex. 5. The quantities may be written 

. Zahiy 2 X ^OQCX, 6iixy and 2 x Saaxx. 
Hence the least common multiple is 2 x 2 x 3 x Saaibxx. 

Ex. 6. The quantities may be written 

(a?-2)(aj-l), and (aj-l)(aj+l). 
Hence the least common multiple is (aj— 2)(aj— l)(aj+l). 

Ex. 7. The quantities may be written 

{a^—ai+b'){a+b)Xy and &{a+b){a^l). 
Hence the least common multiple is 

5a?(a + ft)(a- S)(a'— a} + **)• 

Art. 103, Pagb 60. 

Ex. 2. The quantities may be written 

{os'+x+l){X'-l)y and {x+2){x^l). 
The greatest common divisor is x—1. 
Hence the least common multiple is 

Ex. 3. The greatest common divisor is a?— 1. 
Hence the least common multiple is 

au ■"" X 

Ex. 4. The quantities may be written 

(a+3)(a-l), (a+l)(«-l), and a— 1. 
Hence the least common multiple is 

{a+S){a+l){a^l). 

Ex. 5. The quantities may be written 

4flj»+l,(2(z+l)(2a-l),and 2a-l. 
Hence tlie least common multiple is 

(4a»+l)(2a+l)(2a-.l). 

Ex. 6. The quantities may be written 

a{a + l)(a— 1), {a^-a+ l){a + 1), and (a*+a+ l){a - 1). 
Hence the least common multiple is 

a(a»_a+l)(a»+(Z+l)(a+l)(a-l). 
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Ex. 7. The quantities may be written 

{x+2a)% {x--2a)\ and (a?+2a)(a;-2(z). 
Hence the least common multiple is 

CHAPTER VII. 

Art. 112, Page 65. 

Ex. 3. Cancel the factor 2a— b. 
Ex. 4. Cancel the factor a?'— a'. 
Ex. 5. Cancel the factor aj*— 8i&— 3. 
Ex. 6. Cancel the factor Zx+Zy. 

Ex. 7. Cancel the factor a—h. and we obtain r, Ana. 

Ex. 8. Cancel the factor a— a?, and we obtain .Ans. 

^ a—x ' 

X — 4 
Ex. 9. Cancel the factor a? +4, and we obtain -z^Ans. 

3aj— 1 
Ex.10. Cancel the factor a?'— 5aj+6,and we obtain q ^^y Ans. 

Sx-\-2 
Ex.11. Cancel the factor 2aj*— 3a?+2,and we obtain .. ^Ans. 

2aj+3 
Ex. 12. Cancel the factor aj'^- 3aj— 1, and we obtain 0-37? Ans. 

Art. 113, Page 65. 
Ex.1, a— X J Ans. ^ ^ ,„ ^ 7a^b 

2a' ^^-^^ *-2+-g-. 

Ex.2. a-^.Ans. Ex.7. x-8. 

Ex.4, x^+xy+1^. Ex.8, a+i. 

3 

Ex.5. 2a;— 1+^. 

oa; 

Art. 114, Page 66. 

Ex.3. ^. Ex.5. 12^+6«-3 

Sx ox 

r. A a^-l 17 ^ 7«'-4J«~8c« 

Ex. 4. . Ex. 6. 



a ' . ' ' a*—b 



»,. 



ABT. 115. FRACnONS. 17 



Aet. 115, Pagb 67. 



S6cx 16ab Qacd 
^'^^' 2W 2i^ ^""^ 24^- 

45 40» 60a + 48a? 

^^'^' 60' 60'^^^ 60 • 

^ la^^^ax 6ax—6a? 14g+14a; 

"'^^*- 14a-14aj' 14a-14a?' ^^ 14a~14aj- 

5a?+5a^ 3a^+6a?+3 15-15a? 

Jj.x.5. 15^15^ 15+ 15a? '^^^15+15a?" 

Abt. 116, Pagb 69. 

_, a ?7ia? wa;^ 

JiiX. 8. -^) -jj-j and —j. 

567<g 98ft 198^ 882(a+?) 

^^•^' 504m' 504m' 504m' ^^^ &04:m ' 
8a?'-2 6aj*+3a? , 2aj*-3a? 



Ex.3. 



Ex.4. 



Art. 117, Page 70. 

a*+y 

60ix?+6os'+Sax+8a 



12aj^ 
Ex. 8. -4w5. a. 
Ex. 9. -4n^. fl?. 
Ex. 10. Ans. Unity. 

61,V*-25y'^13 
^^'^^' 28y*~272/*+5- 

3a^-2aj»+2aj*-l 



Ex.13. -47W. 



1-aj* 



Abt. 118, Page 71. 
35 
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62a -33a? 



Ex.3. 



Ex.6. 



21 • 
4icx + 2hx+ ex— 2ab 



2bc 
Ex.7, h. 

{a- by 



Ex. 10. 



Ex. 11. 



4^ 
14aj'-43a?y+88y' 



77a?y— 55^* 



Ex. 12. -J 



a' 



Ex.2. 



Ex.3. 



a'—x' 



a?+ax 
(ib+bx 



Art. 119, Page 72. 



X 

4^ 
21 • 
Ex. 7. 9ax. 



Ex.6. 



Ex.9. 



2a 



Simony 
mnx 

Ex. 12. tV. 

^ ,^ 693idn+396ah^cm'-770cmn 
Ex. 13. 



Ex. 16. 



1092dmn 
ax 



a'-af' 
Ex. 19. The multiplicand reduces to — «~ir • 

Art. 120, Page 74. 

Ex.2, —a. Ex.5, a-"*-". 

Ex.3. Unity. Ex.6. {a-b)\ 

Ex.4, a*—. 
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Abt. 121^ Page 75. 



Ex.2. ^. 
Ex.3. ^' 



Ex.4. 



Ex.11. 



a?—ax4-a?' 
x+1 



iX 

20n 
8 • 



Ex.12. ^_-+-j-+- (-+l=qnotieiit 

SB* aj 1 

a 1 1 

Ex. 13. Eeducing the divisor and dividend to a common de- 
nominator, and rejecting the common denominator {x+y)y, 

we have ^x+2y)y+{x+y)x ... , .^ 

ix+2y)yH'^+2y)x-xy > ^'^ ^°*^ '"'*7- 

Ex. 14. iBH — )a^+2+-^\x+-= quotient. 

a-'+l 

or 
Ex. 15. Multiplying the dividend by a+S— c, we have 

and dividing this product by «+ J+t?, we obtain 

a'— ft'+c'-2aa 

« 

Art. 122, Page 76. 

Ex.2, —a*. Ex.5, ft—. 

Ex.3. a\ Ex.6. -Sar'jr'- 

Ex.4. ~3(z»+». . Ex.7, (aj-y)'. 
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Abt. 124, Page 78, 

_ ^ — m m — m a+m 

Ex.2. -i-— - — = X . 

a-^m a+m a—m m 

24_12_24: ^_2 
Jj.x.3. gg : 5-35X-|_2-7- 



Ex.4. 



22abG 3mx 2o 



3d7nnx llab ISn 



^^•^- {c+d){c-d) ^{a+b){c+d)+(a-b){c-d) 

2ac-2hd 
'^2ac+2bd' 
(a+xy+(a-xy a^-^a^ 2a^+2a^ 

^ ^ m'— m/i+n' mn w?—rtf rr?-\-rf ran m—n 
Ex.7. X X 3. 8 = X X— J-— 8=^- 



Ex.8. 



a a a ddn+am 



^ € "~^ en ^bdn-{-bm+cn~bdn+bm+cn 
dn+m dn-^-m dn+m 
n 

CHAPTER Vin. 

Art. 137, Page 83. 

Ex.4. 24aj+12aj+8a?=480. 
Ex.6. 24aj-9aj=16. 

Art. 140, Page 86. 

Ex. 10. Multiply by 16. 

336+3aj-ll=10aj-10 + 776-56a?; 

49a?=441- 

Ex. 11. Multiply by 12. 

36a!-3a!+12-48=20a+56-l' 

13aj=91; 

aj=7. 
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Ex. 15. 51 - 9aj - 20aj- 10 = 75 - 90aj + 35a? + 70 ; 

26a?=:104; 

aj=4:. 

_, ^^ 3aj— 3 , 20-a? 6aj-8 4a?-4 

Ex.16. «^— — 5— +*=— 2^-— 7-+"6— ; 

70aj-4:2aj+42+280=700-35aj-60a?+80+56aj-56; 

67a:=402; 
aj=6. 
Ex. 17. 28aj*-13aj-176-21aj-168=28aj»-77a?; 

43aj=344; 
x=8. 
Ex.18. 36aj»+60aj+21 + 63aj-117=36aj»+90aj+36; 

33a?=132; 
aj=4. 
Ex. 19. Multiply by 60. 

50a& + 48(3k? - 40caj = 45a(? 4- 120aJ - 360ca? ; 
320^=70aJ— 3ac; 
70aft— 3ao 
^"" 320c • 
Ex. 20. Multiply by 60. 

30aj - 10a + 15«— 3a = 20aj— 6a ; 
25a; = 8a; 
_8a 
^""25- 

Ex.21. 63a;+81-36a?+8aj-4=252; 

35aj=175; 
aj=5. 
Ex. 22. Multiply by 12. 

6aj-6+4aj-8=3aj+9+2aj+8+12; 

5a;=43; 

Ex. 23. Multiply by 36;r. 

36a;-24+144aJ-30=252aj-32+360aj-33; 

432a?=ll; 

^""432' 
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Ex.24. 42aj*-743aj+606-35aj+175=42aj'-707aj; 

71aJ=781; 
a? =11. 

Ex. 25. Uniting three terms, * ^ 

9a?+4 15a;+96-lla;-13-4a?+19 ^ 
6aj-48"" .51 ~^' 

9aj+4=10ic-96. 

05=100. 

Ex.26. x'+6x+6={x+2){x+3). 

Hence 4aj+12+7a?+14=37; 

llaj=ll; 
aj=l. 

Ex.27. aj»~18a?*+104aj-192-.a;'+16a?»-76aj+96 
=aj»-14a?»+56a?-64-aj'+12«'-44aj+48; 

16aj=80; 
aj=5. 

Ex. 28. J'a?— a'ic+(zJ«+a'ic=flj'J— a'; 

ft'«+a5ic=aXJ--a) ; 

^-bib+ay 

1 ^ q • 

Ex.29. aj'+aJ— j^+j=aj'+22?-15; 

a?-3=2a?-16; 
aj=12. 

Ex. 30. Uniting two terms, 

X 

^~3 16a!+4| 
a+l"*" 3a!+2 ~ 

Multiplying by the denominators, 

5^-£c*+4+16a!'+20^+4^=15a!'+25aj+10; 

513.+ 8^+ 20^= 25a;+ 10 ; 

80a! + 123 + 303a! = 375a! + 150 ; 

8a!=27; 

a:=3|. 
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Abt. 144, Page 91. 

Prob. 8. Let x denote the first part 

Then will mx " the second part, 

and nx " the third part ; 

and we shall have x+mx+nx=a. 

Hence a?=T~; ; — • 

In order that the parts may be expressed in whole numbers, 
the number a must be exactly divisible l)y 1+^+^. 

Prob. 9. Let x denote the price of one book. 

Then 15a;-10a?=25. 

Hence a: =5. 

Prob. 10. Let x denote the required number. 
Then mx^nx=:a. 

Hence x=z 



m—n 

Prob. 11. Let x denote C's share. 

Then wiU 3a? " B's share, 

and 6a; " A's share ; 

and we shall have 10aj=1000. 
Hence a? =100. 

Prob. 12. Let x denote the first part. 

Then will mx " the second part, 

and mnx " the third part ; 

and we have x+mx+mnx=a. 

Hence a?= 



l+m-^-mn 

■ ' * • 

Prob. 13. Let x denote the number of gallons of brandy. 
Then will aj+ 10 " " " wine, 

and 2i»+10 " " " water; 

and we have 4aj+20=120. 

Hence . a? =25 gallons of brandy. 



24 KEY TO TBEATISE ON ALGEBRA. 

Prob. 14. Let x denote the first part. 

Then will x+m " the second part, 

and 2x+m " the third part; 
and we have 4x + 2m = a. 

^ a— 2m 

Hence x = — z — . 

4 

a—2m+4cm a+2m 



4 



Also, x+m= 

a-2m a+2m « ^, . , . , . 
and — 7 — + — 7 — = ^ = the third part. 

Prob. 15. Let x denote the wages of the fourth. 
Then will a? +4 " " the third, 

a? +7 " " the second, 

and aj+9 " *< the first; 

and ,we have 4aj + 20 = 32. 

Hence a5=3. 

Prob. 16. Let x denote the first part. 

Then will x+m " the second part, 

x+m+n " the third part, 
and x+m+n +p " the fourth part ; 
and we have 4cx+37n+2n+p=a. 

— a—3m^2n—p 

Hence x = z =^. 

4 

., a—8m—2n^p+4^m 
Also, x+m= 7 — ; 

a+m— 2/1— i?+4n 
x+m+n=z J — ; 

and x+m+n+p^ 7 — - — —. 

Prob. 18. Let x denote one part. 

Then will a—x " the other part ; 

and we have a;+J=m(«— aj)==ma— ?^^a?. 

__ ma—h 

Hence x = — —r-, 

m+1 ' 

ma+a—ma+h a+b 

and a— 0?= im =zrTT« 

m+1 m+1 
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Prob. 20. Let x denote the required number of hours. 
Then will nx " the distance traveled by one, 
and mx " " " by the other ; 

and we have mx—nx^a. 

Hence aj= . 

m — Ti 

Prob. 21. Let x denote the less part. 

Then will 197— « " the greater part; 

and we have 4(197— a?)=5aj+50. 

Hence 9a?=738; 

aj=82. 
Prob. 22. Let x denote the less part. 

Then will a— a? " the greater part; 

and we have m(fl —x)=nx+b. 

TT ma—b 

Hence a?= 



and a— a?= 



ma+na—ma+b na+b 



m+n m+n 

Prob. 24. Let mx denote the first part. 

Then will nx " the second part ; 

and we have 9nx+nx=a. 

a 
Hence x=. — ; — . 

Prob. 26. Let mrvx denote the required number. 
Then nx—mx=zay 

a 

and aj= . 

n—ni 

Prob. 27. Let x denote the miles traveled in coach. 
Then will 5 " * the hours spent in riding, 

X 

and o " the hours spent in walking back; 

X X 

and we have 3+^=8. 

Hence . a;+3a?=72; 

aj=18. 
B 
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Prob. 28. Let x denote the number of miles traveled in coacL 

/}• 

Then will — " the hours spent in riding, 

and - " the hours spent in walking back ; 

OR SB 

and we have — + -= (z. 

m n 

Hence nx+mx=amnj 

amn 
and x= — ; — . 

m+n 

Prob. 29. Let x denote the number wbo received 9 cts. each. 
Then will 12-aj « " " 7 cts.; 

and we have 9a? + 7(12 — a?) = 100. 

Hence 2a? =16, 

a? =8 who received 9 cents, 
and 12— a? =4 " 7 cents. 

Verification. 8x9+4x7=100. 

Prob. 30. Let a? denote the first part. 

Then will a—x " the second part ; 

and we have mx + n(a — x) = ft, 

or inx+na--nxz=h. 

h—na 



Hence x= 



m— n' 



ma-^na—h+na ma—b 
and a— a?= = . 

Prob. 31. Let x denote the days before the first conjunction. 
Then will x " the degrees the sun advances, 
and 13a? " « ^^q moon advances ; 

and we have 13a?— aj=60. 

Hence a? =5 days, to first conjunction. 

If a? denote the days before the second conjunction, we shall 
have 13a?-a?=360 + 60=420. 

Hence a? =35 days to second conjunction. 
In the same manner we find 65 days to the third conjunc- 
tion, and so on. 
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Prob. 32. Let x denote the days before the^r*^ meeting. 
Then will nx " the miles traveled by one, 
and mx " the miles traveled by the other; 

and we have inX'"nx=b. 

Hence x = days. 

If X denote the days before the second meeting, we shall have 

7nx^nx=a+b. 

Hence x= days. 

If X denote the days before the third meeting, we shall find 

aj= days. 

Prob. 33. Let x denote one of the parts. 

Then will 12 — a? " the other part ; 

and we have 144— 24a?+«'—a?'=48. 

Hence 24a? =96, 

a?=4, 

and 12— aj=8. 

Verijlcatioii. 64 — 1 6 = 48. 

Prob. 34. Let x denote one of the parts. 

Then will a—x " the other part; 

and we have a^—^ax+x^—x^^h 

Hence 2aa?=a'— J, 

^-" 2a ' 

and c^-aJ= ^ =^^. 

Prob. 35. The given ratios are 2 : 3, 

and 4 : 6, 



which may be represented by the numbers 8 : 12 : 15. 

Let ' 8aj denote A's share. 

Then will 12aj " B's share, 

and 15a? " C's share ; 

and we have 35aJ= 21,000. 

Whence a; =600, 

and A's share is 4800, B's share is 7200, and C's share is 9000. 
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Verification. 4800+7200+9000=21,000. 
Also, 4800 : 7200 : : 2 : 3, 

and 7200 : 9000 ; : 4 : 5. 

Prob. 36. Let mx denote the first part 
Then will nx ^/ the second part, 

and px " the third part ; 

and we have iwa?+7iaj+^aj=a. 

Hence aj= — ; — ; — . 

m+n+p 

Prob. 37. Let x denote the pounds of tea at 72 cents. 
Then will 80-aj « " " at 40 cents; 

and the value of the tea will be denoted by 

72aj + 40(80— aj). 
This is required to be equal to 80 x 60, or 4800. 
Hence 72a? + 3200 - 40iB = 4800, 

and aj = 50 pounds. 

Prob. 38. Let x denote the pounds at a cents. 
Then will n—x " " at ft cents; 

and we have ax + h{n — a?) = nc. 

Hence ax^bx=nc—nbj 

n{c--b) 

and aj= t-. 

a—o 

.. na-^nb—nc+nb n(a^c) 

Also, n— aj= — t = t-^. 

' a—o a—b 

Prob. 39. Let x denote the required number of days. 

X 

Then will 5 " the portion of the work done by A, 
I « " « done by B, 

« 

and ^ « « « done by C; 

*y ^* 0** 

and we have 6+0 + 04=*^^® whole ; i. e., =1. 

Hence 4aj+3a?+a?=24; 

a? =3 days. 
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Verification. A.does ^ of the whole work, 

3 

B does g of the work, 

3 

C does oT of the work ; 

3 3 3 

and • 6+8+24=^- 



Prob. 40. Let x denote the requu^d number of days. 
Then 



X X X ^ 

a c 



Hence 
and 

Prob. 42. 
Then 
Hence 

,'and 



hcx+acx-\-abx:=^ahCy 
ahe 



x= 



ab+ac+bc 



Let X denote the required time. 

1 1 1_2 

a b c^x 

bcx + dcx +abx = idbCy 

iabc . 



(ib+ac-\'bc 

Prob. 43. Let x denote the number of pieces of the first kind. 
Then will 8 -aj 

X 



u 



a 



Also, Ha 



and 
Hence 



20 
8-a? 



u 



a 



" of the second kind, 
the value of the pieces of the first kind, 

" of the second kind. 



(( 



X 8— a; 
20"*" 4 ""•^• 



Whence 
and 



a?+40— 5a?=20, 

ic=5. 

Verification. 5 pieces at 5 cents each amount to 25 cents, 

3 « 25 " " 75 cents ; 

25 cents +75 cents = one dollar. 



30 
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Prob. 44. Let x denote the number of pieces of the first kind. 



Then will c-x 
Hence 



u 



X c— a? 



" of the second kind. 



a 



=1, 



ix+ac—ax=(iby 



x= 



Also, C— 03= 



a— ^ 
ac-^hc—ac+ab ab-^hc l(a—c) 



Prob. 46. 
Then will 



a—b a—b a—b ' 

Let x—m denote the first part. 

the second part, 

the third part, 



x+m 

X 

mx 



u 



u 



Hence 



u 



X 



the fourth part. 



2X'\ — +7tix=a. 

^7nx + a? + ^^^ = ^«, 
ma X ma 



aj= 



Prob. 47. 
Then will a?- 500 
a?- 500 

4 3 

3(aJ-500) 

4a?- 2000 

3 

4 4a;-- 3500 

3* 3 



-500 



16.-14,000^^^^ 

4 16a?-18,500 
3* 9 



Hence 



7/124-2^ + 1 "(7/1 + 1)2' 

Let X denote the original stock. 

sum not expended the first year, 

his gain the first year, 

sum he had at end of first year ; 

sum he traded with the second 
year, 

sum he had at end of second 
year; 

sum he traded with the third 
year, 

sum he had at end of third year. 

4 16a?-18,500 ^ 
3* 9 "'^^^ 



32aj- 37,000= 27a?, 

a;=7400. 
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Prob. 48. Let x denote the original stock. 

4 

Then will o(aj— a)=sum he had at end of first year, 

o. — o — =sum he had at end of second year, 

« . 5 =sum he had at end of third year. 

_ 4 16x-37a ^ 
Hence « • g = 2aj, 

64a;— 148a = 54a?, 

U8a 74g 
^"" 10 ~" 5 • 

Prob. 49. Let x denote the required number of years. 
Then will 54+ a? " the age of the father at that time, 

9+aj " " the son at that time. 

Hence 64+ a? =4(9+ a?), 

aj=6. 

Prob. 50. Let x denote the required number of years. 
Then will a+x= nip + a?), 

nx—x=a^nij 

x^^ ^ . 
n— 1 



CHAPTER IX. 
Aet. 151, Page 102. 

^■'^' Given i lla'+3y=100, (1) 

® 1 4x-7y=4:. (2) 

Multiply (1) by 7, 770! +212^=700. (3) 

Multiply (2) by 3, 12a?-21y= 12. (4) 

Add (4) to (3), 89« =712. 

Hence x=8. . 

Substitute this value in equation (1), 

88+3y=100. 

Whence ^=4. 
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Verification^.: ^ 88+12=100, 

32-28=4. 

Ex. 2. Clearing of fractions, we have 

.3a?+2y= 42, (1) 

2a?+3y= 48. (2) 

Multiply (1) by 2, 6aj4-4y= 84. (3) 

Multiply (2) by 3, 6aj+ 9^=144. (4) 

Subtract (3) from (4), 5y = 60. 
Whence y=12. 

Substitute in (2) 2a? +36 =48. 

Hence a? =6. 

Ex. 3. Clearing of fractions, and transposing, we have 





x+ 2iy= 91, 


(1) 




40a; + y=z 763. 


(2) 


Multiply (1) by 40, 


40a; +960y= 3640. 


(3) 


Subtract (2) from (3] 


1, 959y=2877. 




Whence 


y=3. 




Substitute in (1) 


a?+72=91. 




Hence 


a;=19. 




- 


' 21 




Verification. 


--+24=31, 

1+190=192. 




K. 4. Clearing of fractions, and transposing, we have 






482/- 17a;= 155, 


(1) 




2y+ 30a;= 160. 


(2) 


Multiply (2) by 24, 


48y+720a?=3840. 


(3) 


Subtract (1) from (3), 737aJ = 3685. 




Whence 


a;=5. 




Substitute in (2) 


2y+150=160. 




- 


y=z5. 




Verification. 


^/v 8 ^ 5 

10-4=7+5, 

c.^ 3 „,, 11 
20-3=2^-2- 
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Ex.5. (a b 

-+-=m, (1) 

Multiply (1) by e, ^+^=mc. (3) 

Multiply (2) by a, ^+j=na. (4) 

Subtract (4) from (3), —— — =mC'~na. (5) 

When ce y= . 

Multiply (1) by (f, ^+j=md. (6) 

Multiply (2) by ft, |+^='**- O 

Subtract (6) from (7), — — — =nb^fnd. 

be— ad 



Whence x 



nb—md' 



1 9x-lly=ii. (2) 

Multiply (1) by 9, 45«-63y=180. (3) 

Multiply (2) by 5, 45aJ-55y=220. (4) 

Subtract (3) from (4), 8y= 40. 

Whence y=5. 

Substitute in (1) Sa?— 35 = 20. 

a;=ll. 

E^-7- Given I J!'»-J^2^= Jf!' g} 

I 2305 +19y= 890. (2) 

Multiply (1) by 19, S2Sx-2i7y= 2,736. (3) 

Multiply (2) by 13, 299a;+247y=ll,570. (4) 

Add (4) to (3), 622aj =14,306. 

a? =23. 

B2 
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Substitute in (1) 391-13y=144. 

13y=247, 
y=19. 

Ex.8. (1 1 

-=m--, (1) 

y X 

Substitute (2) in (1), -=m— — [-n. 

2 

Hence -=m+n, 

X 

2 
or «= 




m-\'n 



Substitute m (2), ~= — ^— n= — ^. 
WJience y 



m—n 



Ex. 9. Clearing the equations of fractions, and transposing, we 
have 4a?-. 60y = - 183, (1) 

12a?-60y=-165. (2) 

Subtract (1) from (2), Sx = 18. 

Whence a? =2^. 

Substitute in (1) 9 - GOy = - 183. 

60y=:192, 
2/=3i. 

Ex. 10. Clearing of fractions, we have 

a?+a5+w(y— J)=2/wj, (1) 

a{x +a) + (y—h)z=a-\' na^. (2) 
Multiply (1) by a, a{x+a)'{-an(y—b)=ina^. (3) 
Subtract (2) from (3), {an - l){y '-h)=ina^'^a. (4) 

Divide (4) by a/i — 1, y—h=a. 

Whence y=a+5. 

Substitute in (1) a? + a + na = 2na. 

Whence x^na—a. 
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E^-ll- Given 1 12091= 60«+77y, (1) 

( 152|= -24aj+35y. (2) 

Multiply (1) by 2, 2418|= 120a!+154y. (3) 

Multiply (2) by 5, 761|=-120a!+175y. (4) 

Add (4) to (3), 3180^= 329y. 

Hence ^=9^. 

Substitute in (2) 152^ = - 24* + 338|. 
Hence a;=7f. 

Ex. 12. Clearing of fractions, and transposing, we have 

3x- 77y=- 151, (1) 

19a;- 34y=- 49. (2) 

Multiply (1) by 19, 57aj- 1463y = - 2869. (3) 

Multiply (2) by 3, 57«- 102y=- 147. (4) 

Subtract (4) from (3), — 1361y= —2722. 

Whence y=2. 

Substitute in (1) 3aj-154= -151. 

Whence x—1. 

Ex.13. Clearing of fractions, and transposing, we have 

y-x= 2, (1) 

y+»=12. (2) 

Add (1) to (2), 2y=14, 

y=7. 
Substitute in (2) a? =5. 

Ex. 14. Clearing of fractions, and transposing, we have 

55iB- 59y=- 87, (1) 

105a;- 101y=- 73. (2) 

Multiply (1) by 21, 1155aj-1239y=-1827. (3) 

Multiply (2) by 11, 1155aj-lllly=- 803. (4) 
Subtract (4) from (3), 128y= 1024. 
Whence y=S. 

Substitute in (1) 55« - 472 = - 87. 

Whence 55a; =385, 

a;=7. 
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E^lS- Given K-^'-f' £) 

( x—y=h. (2) 

Divide (1) by (2), a!+y=|. (3) 

Add (2) to (3), 2aJ=|+J=^^*. 
Whence x=. ^i » 

Substitute in (2), y—z—o=- gr = q, . 

Ex. 16. Clearing of fractions, and transposing, we have 

20a!4-15y=145, (1) 

9a;+ y= 25. (2) 

Multiply (2) by 15,- 135a!+15y=375. (3) 

Subtract (1) from (3), 115aj =230. 

Whence a; =2. 

Substitute in (2) 18+3'=25. 

Whence y=1- 

Ex. 17. Clearing of fractions, and transposing, we have 

15a!-14y= 17, (1) 

24a; + ly^ 86. (2) 

Multiply (2) by 2, 48«+14y=172. (3) 

Add (1) to (3), 63a! =189. 

Whence «=3. 

Substitute in (2) 72+72^=86. 

Whence 7y=14, 

y=% 

Aet. 154, Page 107. 

Ex.1. (2a!+ 4y- 3s =22, (1) 

Given] 4a!- 2y+ 53=18, (2) 

(6a!+ ly- 3=63. (3) 

Multiply (1) by 2, 4a!+ 8y- 6s=44. (4) 

Subtract (2) from (4), 10y-lls=26. (5) 

Multiply (1) by 3, 6a!+12y- 93=66. (6) 

Subtract (3) from (6), 5y- 83= 3. (7) 

Multiply (7) by 2, 10y-163= 6. (8) 
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Subtract (8) from (5), 5s =20. 
Hence z=z4. 

Substitute in (7) 5y- 32 = 3. 

Hence y=7. 

Substitute in (1) 2a?+ 28-12=22. 
Hence a? =3. 

Ex.2. (a?+y=a, (1) 

Given} x+z=iy (2) 

iy+s=c. (3) 

Add (1), (2), and (3), a-+y +5=^±|±f. (4) 

Subtract (3) from (4), . aj= — - — . 
Subtract (2) from (4), y= — ^ — . 



s= 



h+c-^a 



Subtract (1) from (4), ^-. ^ 

Ex. 3. Clearing the third equation of fractions, we have 

x+ y+ s= 29, - (1) 

aj+2y+3s= 62, (2) 

6a?+4y+3s=120. (3) 

Multiply (1) by 6, 6aj+ 6^+6^=174. (4) 

Subtract (3) from (4), 2y+3s= 54. (5) 

Substitute (5) in (2), x=8. 

Subtract (2) from (3), 5a?+2y=58. (6) 

Substitute in (6) . 40+2y=58. 

Hence y=9. 

Substitute in (1) 8+9+s=29. 

Hence s=12. 

Ex. 4. Clearing of fractions, we have 

6x+ 3y+ 2z- 192, (1) 

20x+15y+12s= 900, (2) 

15a;+12y+10;3= 720. (3) 

Multiply (1) by 6, 36aj4-18y+12s=1152. (4) 

Subtract (2) from (4), lQx+ 3y = 252. (5) 



38 KEY TO TREATISE ON ALGEBRA. 

Multiply (1) by 5, 30aj+15y+10s=960. (6) 

Subtract (3) from (6), 15a? + 3y =240. (7) 

Subtract (7) from (5), a? =12. 

Substitute in (7) 1 80 + 3y = 240. 

Hence y=20. 

Substitute in (1) 72 + 60 + 2s= 192. 

Hence s=30. 

Ex.5. f a?+y-2=1320, (1) 

Given] x-y+2=: 654, (2) 

(-a?+y+2=-12. (3) 

Add (1) to (2), 2aj=1974. 

Hence «= 987. 

Add (1) to (3), 2y=1308. 

Hence y=*: 654, 

Add (2) to (3), 2;3= 642. . 

Hence s= 321. 

Ex. 6. Clearing of fractions, we have . 

aj- y+ z=: 6, (1) 

14aj- 19^4- 222 =128, (2) 

21aj-19y+22s=142. (3) 

Subtract (2) from (3), 7aj=14. 

Hence a? =2. 

Multiply (1) by 19, 19a?-19y+192=114. (4) 

Subtract (4) from (3), 2aj + 3^= 28. (5) 

Substitute in (5) 4 + 3;^ = 28. 

Hence s=8. 

Substitute in (1) 2 - y + 8 = 6. 

Hence y=4t. 

Ex. 7. Clearing of fractions, we have 

63a?+ 45y+ 35;^= 81,270, (1) 

45a?+ 35y+ 63s= 95,760, (2) 

35a?+ 63y+ 4c53= 93,240. (3) 

Add (1), (2), and (3), 143aj4- 143^+1435=270,270. (4) 

Hence x+ y+ z=: 1,890. (5) 

Multiply (5) by 35, 35a?+ 35y+ 35s= 66,150. (6) 

Subtract (6) from (3), 28y+ 10-s= 27,090. (7) 



AST. 154. EQUATIONS WITH SEYEBAL UNKNOWN QUANTinES. 39 



Multiply (5) by 45, A5x-h 45y+45s= 85,050. 
Subtract (8) from (2), - 10y+18z=: 10,710. 



Multiply (7) by 9, 
Multiply (9) by 5, 
Subtract (11) from (10), 
Hence 

Substitute in (7) 
Hence 

Substitute in (5) 
Hence 
Ex.8. 



Given 



252y+902=243,810. 

— 6Oy+9O0= 53,550. 

302y =190,260. 

y=630. 
17,640+100=27,090. 

s=945. 
«.+ 630 +945 =1890. 

aj=315. 

1 1 

-+-=(? 

« y ' 
1 1 z 

X 3 ' 



1 1 

- + - = <?. 

Add (1), (2), and (3), l+^+^=^±|±£. 
Subtract (3) from (4), -= — ^ — . 



Hence 



x= 



a+b—c 

Subtract (2) from (4), -= — ^ — * 

If 

Hence y = — ; r. 

Subtract (1) from (4), -= — ^ — • 

2 



Hence 
Ex.9. 



Z=i 



b+c-^a 



Given 



I 



111 

-H =a, 

X y 2 ' 

1 1 1 z 

X y z ' 

111 

— +-+-=c. 
X y z 



(8) 

(9) 
(10) 

(11) 



(1) 
(2) 
(3) 
(*) 



a) 

(2) 
(3) 



1 
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Add (l),(2),and (3), l+l+^=a+b+c (4) 

2 
Subtract (3) from (4), '-=a+b. 

Hence «?=—--. 

2 
Subtract (2) from (4), -=a+c. 

if 

Hence y= — -— . 

^ a+c 

2 

Subtract (1) from (4), - = J + 1?. 

Hence ;3= 



Ex. 10. Put 2x+3i/=ay 3x+4^=b, 6y+9z=c. Then we have 

Multiply (1) by 4, ^-f = 4. (4) 

Add (4) to (2), ■^+i= '^- (5) 

Multiply (3) by 6, -^+^=30. . (6) 

Add (5) to (6), ^^=37. 

c 

Hence c=37. 

Substitute in (3) 6 — =5. 

Hence a =8. 

30 
Substitute in (2) y + ^ = ^• 

Hence ft =15. 
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We hate then 


2x+ 3y= 8, 


(7) 




8x+ 43= 15, 


(8) 




5y+ 9s = 37. 


(9) 


Multiply (7) by 3, 


6x+ 9y= 24. 


(10) 


Multiply (8) by 2, 


6aj+ 83= 30. 


(11) 


Subtract (10) from (11), -9y+ 8z= 6. 


(12) 


Multiply (12) by 5, 


-45y+403= 30. 


(13) 


Multiply (9) by 9, 


45y+81s=333. 


(14) 


Add (13) and (14), 


121s=363. 




Hence 


s=3. 




Substitute in (8) . 


3aj+12=15. 




Hence 


x=l. 




Substitute in (7) 


2+3y=8. 




Hence 


y-2. 




Ex.11. 


r 2aj+5y-73=-288, 


(1) 


Given • 


1 5x^ y+S2= 227, 


(2) 




( 7a!+.6y+ s= 297. 


(3) 


Multiply (3) by 3, 


21a!+ 18y+3s= 891. 


(*) 


Subtract (2) from (4), 


16aj+ 19y = 664. 


(5) 


Multiply (3) by 7, 


49a;+ 42y+73= 2,079. 


(6) 


Add (6) to (1), 


51«+ 47y = 1,791. 


(7) 


Multiply (7) bf 19, 


969a!+893y =34,029. 


(8) 


Mnltiply.(5) Jby 47, 


752a;+893y =31,208. 


(9) 



Subtract (9) from (8), 217a?=2821. 

Hence a? =13. 

Substitute in (5) 208 + 19y = 664. 

Hence y=24 . 

Substitute in (3) 91 + lU+s=297. 

Hence s=62. 

Ex.12, Clearing of fractions, we have 

35a?+21y+30;3=6,090, . (1) 

15a?+ 2y+ 4s= 912, (2) 

20a?+ 8v + 15s=3,160, (3) 

v+ y+ z= 248. (4) 

Multiply (4) by 8, 8v+ 8y+ 8^=1,984. (5) 

Subtract (5) from (3), 20a?- 8y+ 72=1,176. (6) 
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Mvdtiply (2) by 4, 
Add (6) to (7), 
Multiply (2) by 21, 
Multiply (1) by 2, 
Subtract (10) from (9), 
Subtract (8) from (11), 
Multiply (12) by 24, 
Subtract (11) from (13), 
Hence 

Substitute in (12) 
Hence 

Substitute in (2) 
Hence 

Substitute in (4) 
Hence 
Ex.13. 

Given 



Multiply (2) by 2, 
Subtract (4) from (6), 
Multiply (1) by 3, 
Multiply (3) by 7, 
Add (8) to (9), 
Multiply (7) by 35, 
Multiply (10) by 4, 
Subtract (12) from (11), 
Multiply (13) by 3, 
Multiply (5) by 116, 
Add (14) to (15), 
Hence 

Substitute in (5) 
Hence 

Substitute in (1) 
Hence 



60a! + 82/+ 163= 3,648, (7) 

80a; + 233= 4,824, (8) 

315a!+42y+842=19,152. (9) 

70a; +42y+ 603 =12,180. (10) 

246a! + 24s = 6,972. (11) 

165a; + 0- 2,148. (12) 

3960a; +243=51,552. (13) 

3715a; =44,580. 

a;=12. 

1980+3=2148. 

3=168. 

180+2y+672=912. 

y=30. 

«+ 30 +168 =248. 

t>=50. 

7a;-2s+3«=17, (1) 

4y-23+ 4;=11, (2) 

5y_3aj_2w= 8, (3) 

4y-3M+2«= 9, (4) 

33+8m=33, (5) 

8y- 43+ 2v= 22. (6) 

4y- 43+ 3m= 13. (7) 

. 21a!- 6z+ 9tt= 51, (8) 

-21a;+ 35y- 14m = 56, (9) 

35y_ 63- 5w= 107, (10) 

140y-1403+105M= 455, (11) 

140y- 243- 20u= 428, (12) 

-1163+125m= 27, (13) 

-3483+375m= 81, (14) 

3483+ 928m =3828. (15) 

1303m =3909. 

u=3. 
33+24=33. 

3=3, 

7a;-6+9=17. 
a!=2. 
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Substitute in (3) 5y — 6-6=8. 
Hence y=4:. 

Substitute in (4) 1 6 - 9 + 2i; = 9. 
Hence v=l. 

Ex. 14. The sum of the six equations divided by 5 gives 

x+y+z+t+u+v=33. (7) 

Subtract (1) from (7), v=8. 

Subtract (2) from (7), ^=7. 

Subtract (3) from (7), t*=6, etc. 
Frob. 1. Let x denote the first number, and y the second. 

Then we have aj+4y= 29, (1) 

and 6x+ y= 36. (2) 

Multiply (2) by 4, 24aj+4y=144. (3) 

Subtract (1) from (3), 23a? =115. 

Hence a? =6, 

y=6. 

Prob. 2. Let x denote A's money, and y denote B's money. 
Then aj+86=3y; 

X 

also, y— 5=^. 

Hence x = 42, and y = 26. 

Frob. 3. Let x denote the price of a pound of tea, and y that 
of sugar. Then aj + 3y = 6, (1) 

■j^+^.Sy=7. (2) 

Multiply (2) by 10, lla?+45y=70. (3) 

Multiply (1) by 11, lla?+33y=66. (4) 

Subtract (4) from (3), . 12y= 4. 
Hence y=T shilling, or 4 pence ; 

also, x=5. 

Frob. 4. Let x denote the numerator, and y the denominator of 
the fraction. Then aj 4- 4 1 



44 KEY TO TREATISE ON ALGEBBA. 

Clearing of fractions, 2a?4- 8 =y, (3) 

5x ^y+7. (4) 

Subtract (3) from (4), Sa?- 8 = 7. 
Hence aj=5, 

and y=18. 

Prob. 6. Let x denote the sum of naoney, and y denote the rate 
per cent. 

•J7Z/ 

Then ^qq will denote the interest for one year, 



oQ^ " " for eight months. 



Hence x+^=U88, (1) 

Subtract (1) from (2), ^^= 42. 

Hence ay =7200. 

S ubstitute in (1) » + 48 = 1488. 

Hence a; =1440, 

7200' ; 
^=1440=^ P®^ *'®°*' 

Prob. 6. jg^ will denote the interest for one month. 
Hence *+S='^' ^^^ 

Subtract (1) from (2), (^--^)j^5=^— ^• 

^ 1200(i-a, 
Ilence a?v= ^^ -> 

S ubstitute in (1) x+ — ^-^= — - = er. 
Clearing of fractions, 
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Hence «= 



71—7/1 ' 



1200(ft~g) 71— m 1200(g-a ) 
^~ 71— T/fc na^mb" na^mb 

Prob. 7. Let x denote the left-hand digit, and y the right-hand 
digit. 
Then lOx+y will denote the required number 

Hence 12^±2^==4 (1) 

Clearing of fractions, and reducing, we have 

2x=y, (3) 

15aj-4y=28. (4) 

Substituting (3) in (4), 15a?-8a?=28. 
Hence a? =4, 

and y=S. 

Prob. 8. Let « denote the number of apples, and y the number 

X '7/ 

of pears. Then j will denote the cost of the apples, and f 
the cost of the pears. 

Hence i+ 5 = ^^^ W 

8+^= 13. (2) 

Clearing of fractions, 5a;+4y= 600, (3) 

15a?+8y=1560. (4) 

Multiply (3) by 2, 10a?+8y=1200. (5) 

Subtract (5) from (4), 5x = 360. 
Hence a? =72, 

and y=60. 

Prob. 9. Let x denote the amount of the fortune. 

m, ^ . o^/^ a;- 300 1500 +«? 
The first receives 300 H ^ — , or g — . 
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After the second has received 600, there will remain 

1500 +« ^^^ 5aj-5100 
X g —600, or g . 

rm n > r.^r. 5aj-5100 16,500+5aj 
The second receives 600 H s^ — , or — —^ . 

_- 1500+ a? 16,500 + 5aj 
Hence g— = ^ , 

or 9000+ 6a? =16,500 + 5a?. 

Hence a? ==7500 dollars. 

The first receives ^ — =1500 dollars. 

q-^TTp; =5, the numbcr of children. 
1500 ^ 

T» 1 ^/x rm /? . . x—a an+x—a 
irroD.lO. The first receives a+ , or . 

After the second has received 2^, there will remain 

an+x—a ' nx—3an—x+a 

a?— 2a. or . 

n ' n 

The second receives 

^ (n— l)a?— (3/i--l)6f ... _ an+x—a 
2a + 5 , which equals . 

Hence x=:an^—2an+a=:a{n—iy. 

The first receives 

an+x—a ... _ an^—an 
, which equals =za{n—l). 

__ aCn—iy _ . , ^ 

Hence . _^^. = n — 1, the number of persons. 

Prob.ll. Let x denote the cost of a quart of the poorer wine, 
and y that of the better. 

Then 9a?+ 7y= 16x55 = 880, (1) 

3a?+ 5y= 8x58=464. (2) 

Multiply (2) by 3, 9a?+ 15y = 1392. 
Subtract (1) from (3), 8y= 512. 

Hence y=64, 

a;=48. 
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Prob. 12. Let x and y denote the two debts. 

Then n+6+^^^ ^^^' ^^^ 

g+|-10= m (2) 

Clearing of fractions, 24a?+lly= 33,000, (3) 

54a?+55y= 85,140. (4) 

Multiply (3) by 5, 120a?+56y= 165,000. (5) 

Subtract (4) from (5), 66a? = 79,860. 

Hence a? =1210. 

Substitute in (1) 440+|=500. 

Hence 2^=360. 

Prob. 13. Let x denote the time required if all worked together. 
A and B together would perform -^ of the work in one day. 
AandC " « ^ « « 



u 



BandC « « ^ « 

„ 2 

Hence ^4.^+^=- 

6a? + 4a? + 3a? =120. 
Hence a? =10. 

A can do in one day iV— 3V=w- 
■R « ic 1 1 __ 1 

-^ TTT— TT— -TIT' 

O" « 1 1 _ 1 

Hence A could perform the whole work in 20 days, B in 30 
days, and C in 60 days. 

■D l.i.1 1112 

Prob. 14. -+T-I — =-. 

TT a c X 

a?=-T-r-— ^,the time required if all worked together. 

T J A J ab+ac+io 1 ac+hc—ah 
In one day A can do — ^r^ , or — tt^ . 

,, T> J ab+ac+bo 1 ab+bc-^ac 

,, ^ , ab+ao-\'bc 1 ab+OG—bo 

" O can do — tt-t 1 or — ^-i ^• 

2aoo a' 2aoc 
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Prob. 15. Let x denote the gallons contained in the first cask^ 
and y the gallons in the second cask. 
After the first operation the gallons in the two casks will be 

denoted by «--y and 2y. 

After the second operation the contents will be 

2aj— 2y and 2y— aj+y, or Sy—x. 
After the third operation the contents will be 

2x—2y'-3y+x and 6y— 2a?. 
Hence 3x— 5y=6y— 2a?, 

5aji=lly, 
- 6x 

and 2^~11' 

But Sx—6y=a. 

25aj 
By substitution, 3a? — -j^ = ^' 

XT ' 11^ 

Hence a?=-^, 

and y'='~s'' 

Prob. 16. Let a? denote the number of working days, and y the 
number of idle days. 
Then j}x denotes the number of pence he earns, 



jy " 


6C U 


forfeits. 


We have 


px^gy=:ay 


(1) 




x+ y=n. 


(2) 


Multiply (2) -by <?, 


qx+qy=nq. 


(3) 


Add (1) to (3), 


px+qx=nq+a. 


(4) 



^ x= , , 

, ng+a np-^a 
and y=^n ^, — ^-^ — . 

Prob. 17. Let a? denote the left-hand digit, and y the right-hand 
digit. Then lQa?+y ^.^ 

x+y ' ^ ^ 

xy ' ^ ^ 
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FromEq.(l), y=2a?. (3) 

From Eq. (2), 10x+y=3xj/. (4) 

Substitute (3) in (4), 12«=6a;2. 
Hence a? =2, 

and y=4. 

The required number is 24. 

Prob. 18. Let x denote the age of the father, and y that of the 
younger son. aj+2=2(2y+4+ 4), (1) 

aj-6=6(2y+4-12). (2) 

FromEq.(l), x- 4y+14. 

FromEq.(2), a?=12y-42. 

Hence . 4y+14=12y-42. 

Therefdre y=7, 

and aj=42. 

Prob. 19. Let x denote the second part, and y the third part 
Then 96— a?— y will denote the first part 

96-a?— y • 3 

-^=2+-, (1) 

X 5 

J=4+J. (2) 

From (1) we have 8x+ y=93. (3) 

From (2) we have aj— 4y= 5. (4) 

Multiply (4) by 3, 3aj-12y=15. (5) 

Subtract (5) from (3), . 13y=78. 
Hence y=6, 

05=29, 
and 96—29—6=61. 

Prob. 20. The total number of apples was 128 x 7=896. 

After the first distribution the number of apples in the 
first basket was doubled at each distribution. Hence, after 
the sixth distribution it contained 64 apples; after the fifth, 
32; fourth, 16; third, 8; second, 4; and after the first dis- 
tribution, 2 apples. 

- Let X denote the number of apples in the first basket at finst 
Then the other baskets contained 896— a? apples. 

C 
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Hence the nnmber of apples in the first basket after the 
first distribution is denoted by 

aj— (896— 0?), which equals 2. 
Hence x=4A9. 

For a like reason, the number of apples in the second 
basket after the second distribution was 4. Let y denote 
the -number of apples in the second basket at first. Then 2y 
denotes the number of apples after the first distribution, and 
896 — 2y will denote the apples in the other baskets. Hence, 
after the second distribution this basket will contain 

2y— (896— 2y), which equals 4. 
Hence y=225. 

So, also, after the third distribution the third basket con- 
tained 8 apples. If we put s to denote the number of apples 
in this basket at first, we shall have 

43-(896-4^)=8. 
Hence s=113. 

We may proceed in the same manner with the other 
baskets. 

"We notice, however, that these numbers follow a simple 
law, thus: 2aj=896+ 2:.x=U9 

4y=896+ 4.-.y=225 

8s =896+ 8.-. 5=113 

16i;=896+ 16.\v= 57 

32t^=896+ 32.-.t^= 29 

64^=896+ 64.-. ^=15 

1285=896+128.-. «= 8. 



CHAPTER X. 
Art. 164, Page 118. 

Ex. 1. What number is that whose third part exceeds its fourth 

part by 16? 
Ex. 2. The sum of two numbers is 8 and their difference 2. 

What are those numbers ? 
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Ex. 3. What fraction is that to the numerator of which if 4 be 
added the yalae is one half, bnt if 7 be added to the denom- 
inator its yalae is one fifth ? 

Ex. 4. Find two nainbers whose difference is 6, snch that fire 
times the less may exceed foar times the greater by 12. 

Aor. 180, Page 126. 

Ex.4. a!>12. Ex.8. a!>110,and«<126. 

Ex.7. flj>49, and a!<51. Ex.9. a>14,andaj<16. 

CHAPTER XL 

Abt. 185, Page 128. 

Ex.2. 324iB'ya'. Ex.8. -243a'i'»a!". 

Ex.3. 343a'*V. Ex.9. 729a'*' V. 

Ex.4. -512a!'jf's'. Ex.10. 64a"*"a;". 

Ex. 5. 256a'*V'. Ex. 11. 128a'Vy. 

Ex.6. 625a"J'aJ'. Ex. 12. a-d*-®*". 

Ex.7. Siafb^a^". 

Abt. 186, Page 129. 

216a'a!y 243<t'5'V' 

JLX.3. -i25mW ' 32my ' 

a'af 1024<z'V' 

Ex.4. -729^y ^^'°- 243dW 

256aVy - 729a"ya^y 



Ex.6. 



81b*m* ' 64otV 

625aW 
16i*mV' 

Art. 187, Page 130. 

Ex.5. -216a'J-"ar». Ex.8. ^^. 
aj* • - 

27a Z htX. y. oe^^/s- 

Ex 7 ^' T, . « 32aVy 

^•'' 64&»- Ex.10. yi^. 
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Aet. 188, Page 131. 

Ex. 2. a^+m*+n^+ 2am — 2an — 2mn. 

Ex.3. 8a*+36a*+42a*-9a»-21a'+9a-l. 

-, , , 3a» 3(Z 1 

Ex.4. a'+-^+-j+^. I 

Ex. 5. a» + 8b' + ^It? + 6a'* + 9a'aj + ViaV + 27d«c' + 36i'a? 
+54Ja:*+36aJa?. 

Ex.6. a*-4a»*+6a'*'-4ai''+5*. 
Ex. 7. 16a*-96a»i+216a*J'-216ay +81i*. 
Ex.8. a"+4a*6«+6aW+4aW+i". 
Ex.9. a'-5a*i+10aW-10a'J'+5aJ*-*\ 

8a»+36a'i+54a*'+27J» 



Ex. 11. 



Ex. 12. 



a»-.3a*6*+3a6*-<!>«' 



Art. 189, Page 132. 

Ex.1. a'+ *'+c'+^'+aj'+2a5+2a(j+2adr+2aaj+2Jc + 2&e? 

+25aj+2c(?+2caj+26fe. 
Ex. 2. a» + y + c* - 2ai + 2ac- 2 Jc. 
Ex.3. l+4aj+10a:»+12aj*+9a?*. 
Ex.4. l-2a?+3aj»-4a^+3aj*-2iB'+aj«. 
Ex. 5. «•+ W-\- 9a'i»+ 7?i*-T 4ai + Ml - 2am -12aS'+ 45m 

— 6abm. 

Ex.6. 1— 6aj+15aj»-20a;»+15i»*-.6aj'+a?*. - 

Ex. 7. a*+4*'+9c'+16fi?'-4(a^+6ac-8a(^-12Jc+16J^-24cc?. 



CHAPTER XII. 
Art. 196, Page 135. 

Ex.3. =bl5a«iV. Ex 11 ±5^!^ 

Ex.6, -ra'b'af. ^^^V 



Ex.8. ±4aJV. Ex.13. — 



,4 



5aJV 



6<?V 
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Ex.14. ±^77-;. Ex.17. dzicr^b'*x. 

Ex.16. -8a-^b-'x. ^^20. ia+bXx+y)\ 

Aet. 198, Page 137- 

Ex.2, a+l+c. Ex.5. a*—Za*b+ZaJ>*—h\ 

Ex.3. Sa!*— 2a!'+a!-l. Ex.6. a*-2ab-W. 

Abt. 199, Page 138. 
Ex.2. 3<r— 4$. Ex3. 3a*— 5ad. Ex.4 Impossible. 

Abt. 203, Page 141. 

Ex.2. 917. Ex.5. 8531. 

Ex.3. 1069. Ex.6. 59,319. 

Ex 4. 5678. , . 

Abt. 204, Page 142. 

137 El 6. 0.747. 

^•^- 4l3* Ex. 7. . 0.1865. 

1 Ex. 10. 3.01662. 

8219" ' Ex. 11. 2.09165. 
Ex.4. 3.143. Ex. 12. 0.27735. 

Ex. 5. 7.656. Ex. 13. 0.54233. 

Aet. 207, Page 145. 

Ex.2. aj'+2a?-4. Ex.5. 2«'-3a;+l. . • 

Ex.3. aj'+2a?+2. Ex.6. 2aj'+4aa?— 3a'. 

Ex.4. V+i-1. Ex.7. 2aj'-3aa?+4a'. 

- . Art. 210, Page 149. 
Ex.4. 2345. Ex.5. 5678. Ex.6. 9123. 

Aet. 211, Page 149. 

Ex.3. 2.37. Ex. 10. 2.22398. 

Ex.4. 12.37. Ex. 11." 0.69336. 

Ex.5. 0.1234. Ex. 12. 0.90856. 



Ex.3. 
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» 

CHAPTER Xm. 

Abt. 215, Page 152. 

Ex.3. 7JV6a. Ex.7. 12a5VV6te. 

Ex.4. 28<jV'5a3c. Ex.11. 2aa!'V3o?. 

Ex.6. 1aa?yV2. Ex.12. 27* V^- 

Ex.6. SaicV^bx. Ex.13. aVa—z. 

Aet. 218, Page 154 

Ex.2. -)/6ab. ^ /j- 

Ex3. Va. Ex.5. Vof. 

Ex.4. V5^M. 

Aet, 221, Page 157. 

Ex 6. V9,VT25,V7. 
Ex.7. Vt^*,V^*,V5aF'. 

Ex. 8. {a+i)^, {a-i)^, {a'-b')A 

Aet. 222, Page 158. 

Ex.1. 3-/3+4\/3+5V3=12-v/3. 

Ex.2. 28-v/3+15V^+8V^=51-v/3. 

Ex, 3. 6V2+8'v/2+9V2=23V2. 

Ex.4. 6V5-+9V5+8V5=23-v/5. 

Ex.5. |"Vio+^-v/io+^-v/io=Vio. 

Ex.6. 5'v/4+-3V4+4t/4=12v/4. 

Ex.7. 2VB+3'\/5+4V^=9v/5. 

Ex.8. |Vi6+2Vl5+Vi5+|-v/i6=3i|Vl5. 

Ex.9. 3oV5c+4cV^o+aV5c={a+7c)V5c. 

Ex. 10. Sa'b V2ah + 5ab V2ah ^ {3a*b + 5ab) V2ab. 

^ ,, a\/d acTo ad re (a* ac adXTc 

Ex.12. 2aV^+5JVa3+5JVa3=(2a+10J)Va3. 
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Abt. 223, Paob 159. 

Ex. 1. 8 V7-4 V7=4-/7. 

Ex.2. 10V6-9V5=V^. 

Ex.3. 10V2-3V2=7V2. 

Ex.4. ia'V5iB-2axV5x=iia*-2ax)VEx. 

Ex.5. 12a\/2-9aV2=3aV2. 

Ex. 6. i v/3-2 VS=2 Vs. 

Ex.7. 8 1/5-61/5=2 VB. 




- , ^ -^ t /ax t /ax 

Ex.8. 3«V 23-V 23-=(3«-l)V 26- 

Abt. 224, Page 160. 
Ex.1. 6V48=24\/3. 
Ex.2. 15ViO=30VlO. 
Ex.3. V2xl/3=V8xV9=v/72. 
Ex.4. 35Vl6=140. 
Ex. 5. cdVa*=acd. 
Ex.6. 351/72=701^. 
Ex.7. AVI02. , 
Ex.8.4V/360=5\/46. 
Ex.9. iVl20=7V/i5. 

Aet. 225, Page 161. 
Ex. 3. 12a!y. 

Ex.4. 1+^+1—^=1. -4n». a. 
Ex.5, i— |+H-^=1- ^w«. <r. 

Abt. 226, Page 161. 
Ex.5.-/i|=-v/|=3V|; 2\/9|=2V^=14V|; 2v/5xl7\/i=34. 

Aet. 227, Page 162. 
Ex.1. 4-/l8=12-v/2. 
Ex.2. 2v/256=8V4. 
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Ex.3. 2 1/27=6. 

Ex.4. 2Vi. 

Ex.5. 2V2a*=2aV2. 

Ex. 6. 2(— j • 

Ex.7. 4:ViiiH-2v/27=2VW=2'/^. 

Ex.8. V^^VS2=V2. 

Ex.9. "v/«'W-;-'l/oW='\/S- 



s 



Abt. 228, Page 163. • 
Ei2. aA 
Ex.3. 4v/?3"'4-2'v/a^'=2v/a*. 

Ex.6. 4^-4-4:^=4: ^=,-^ = -^. 

Aet. 230, Page 164 
Ex.2. T^\/27=|V3. 
Ex.3. 9v/9. 

Ex.4. 17'V2r=17'x2lV2i=103,173V21, 
1^-_6'_1_J^ 

Ex.6. 16V3V^*=16v^3W=16a''»/9^'. 
Ex.7. a*b*VW'=afb: 

Ex.8. (a-f5)^=(a-f-5)'. 

juc.». Vsy X\^8/~5^2•~5.2*~8O• 
Ex.l0. {iabyx{2a'bf={8a'b'f=(2aby. 

Art. 231, Page 165. 
Ex.3. 10^=VIOOO=10vlO. 
Ex.4. %a^. 
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Ex. 5. 4^^- 
Ex.6. ia\ 



3 1 



Ex. 7. Cube root of ( « ) is ( « 

Ex.8. 3V^=VT35. 

Ex.9. |^Vv=Yxi. Its fomih root is Vv, which equals -J- l/l2. 

Art. 234, Page 167. 
Ex.3. 6\/^. 
Ex.4. 16--/^. 
Ex.6. l-2\/3i-i=-2/iri. 

Ex. 9. a'J/^ X aW v^^=flf*J*V^ x V^= -aV. 
Ex.10. J— a. 

Ex.11. V^^U^^ViVriV^; V^=ri33= V7\/i9\/iri. 

We have-17V^-V^VT7V^H- V^VTrVl9+19\/7=2\/7. 

Abt. 235, Page 167. 
Exi4. — — T — ^. 



Ex.5. — -y/— a. 

Ex.6. 2+\/2+V3. 

Ex.7. -2-/^+V5 = -4\/3i4.v^. 

Aet. 237, Page 168. 
Ex. 1. Multiplier, VE^VS; proiuct, 5-3=2. 
Ex.2. Multiplier, \/3 + V^ ; product, 3— a?. 
Ex.3. First multiplier, VS+V^; product, 3— VS; second 
multiplier, 3 + Vx ; product, 9 — a?. 

Aet. 238, Page 169. 
Ex. 1. First multiplier, V5 + V3 + V2 ; product, 6+2 Vl6 ; 

second multiplier, 6— 2Vl5 ; product, 36-60 = -24. 
Ex.2. First multiplier, l + 'v/l— V^; product, 2^2; second 

multiplier,!^; product, 4. 

C2 
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Ex.3. 



Ex.4. 



Abt. 239, Page 170. 

(3+-/2)-v/2 3V2+2 
9—2 ~ 7 ■ 

a*—2aVb+b 



a'-b ' 

4(V3--v/2+l) 4V3-4V2+4 

' (V3+V2+l)x(-/3--v/2+l)~ 2+2-/3 
Ex. 6. -J-. 

Ex. 9. Multiply both numerator and denominator by the nu- 
merator, and we have 

2a{l+a) ' 

which equals ^ « > 



which equals ^ • 

Abt. 240, Page 170. 

* 

^ ^ iVl 7'/55-7Vl5 V2695-V735 „,„„„ 

^^•^- 7!!T7§= 8 = « =^-^^^^' 

„ V6 -v/42-Vl8 

Ex.3. -;s^ 7=-= T =0.5595. 

^ , VS 3-V/15+3-V/6 VI5+-/6 ^^^„, 

^'•*- 3V5-3V2 = 45-18 =—9 — =0.7025. 

E..5. i±2^=l?l4^0 JJl + v^^^^ 
9— 2'/l0 *1 *1 
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Abt. 244, Page 173. 



Jix.3. sB= g =6; 

11-V121-120 ^ 

y= 2 =5- 

T?^A 2+V4-3 3 

2 2' 

2-V4^ 1 
y- 2 ~2* 

TT^ K 7+V49-40 ^ 
i^. 5. «= o = 5 ; 

7— V49-40 „ 

y= 2 =2. 

17^ fl 18+V3 24-320 ^^ 
Ex. 6. x= 5 = 10 ; 

i 18— V324-320 „ 

y= 5 =8. 



Abt. 245, Page 173. 

r 

Ex 8 . -^+VT+? 1 

„ -i-Vi+i 3 

y- 2 — 4- 

Therefore Va=^, and V^=-J-V— 3, 

Vi 

Ex.9. aj=-2-=l; 

y=-2-=-l. 

Ex.10. V6+2\/5 = V54.1; 

V6-2"/5=:V5-l. 
Hence V6+2V^- ^6-2^5=2. 
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Ex.11. V4+3V^=3+"/35; 

V4-3-v/320 =3-'>/35. 

Hence V4+3v'^^+V4— 3-/3lo=6. 

T?^io -3+-V/9+I6 
Ex. 12. «= ?j =1; 

-3--v/9Tl6 

y= 2 =-*5 

V64 
Ex.13. a=— ^=4; 

V64 

Hence \/S=2; Vy=2V— 1. 

Art. 24:6, Page 174. 
Ex. 2. Clearing of fractions, and transposing, we have 





Vax+x^^a-'X, 


Squaring, 


aaj+ic'=a'— 2aaj+a?'. 


Hence 


Zax—a^; 
a 


Ex.3. 


17-5V^=-33. 


Transposing, 


V^=10; 




a?=100. 


Ex.4. 


4aj»-7a?-6=81— 36aj+4aj'. 


Hence 


a?=3. 


Ex.6. 


36+a?=324+36V^+a?. 


Hence 


V^=-8; 




a;=:64. 


Ex.7. 


a;+4aJ=4:y+4jVS+a?. 


Hence 


V^=a— J; 




a?=(a-J)». 
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Ex. 8. Transpofiing a, and squaring, vre have 





a?— 2aa?+a'=a'+a?'/6*+«*— a*. 


Hence 


aj-2a= Vy+a^-a* 


Squaring, 


aj»-4aa?+4a'-i'+a'-«*. 


Hence 


4<wj=5a*— ft'; 




5a'-J» 



a?= 



4a 



Art. 248, Page 175. 

Ex.9. V»*— 3a?=6-a?. 

Squaring, aj*— 3a?=36— 12aj+aJ*. 

Hence a?=4. 

Ex.10. V9a?+13 + V^=13\/9a;+13-13V^. 

Transposing, 7V9i=6V9aj4-13. 

Squaring, 441ar=324aj+468. 

Hence a? =4. 

Ex.11. (ix+b=cx+d. 

Hence x= . 

Ex.12. 50'V^+24-9==21+35'V^+24. 

Transposing, 15 ' V^+24 = 30. 

Hence a: +24 =2*' =1024; 

a?=1000. 

3a;— 1 
Ex.13. By Art. 84, . -7= — = \/35-l.. 

Hence VsS— l = lH rp-. 

Clearing of fractions, ^3^=3. 
Hence a?=3. 

Ex. 14. Clearing of fractions, 

x+im^^+nVx+4:mn=x+2mVx+SnVx+6mn. 

Uniting terms, 2mVx—2nVx=i2mn, 

Hence Vx= . 

m — n 
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Ex. 15. Performing the flultiplication indicated, 

3a?-6\/«+75v^— 150=5 Va+15+3a;+9Va. 

Eeducing, Vi=3. 

Hence x=9. 

Ex.16. Squaring, 2aj— 3/i=9/i+2aj— 6V2wa?. 

Eeducing, V2nx =2ru 

Squaring, 2nic=4n*. 

Hence a;=2n. 

Ex. 17. Clearing of fractions, 

3aj-4v^+120V^-160=15V^+3aj+30+6v^. 

Eeducing, Vx=2, 

Squaring, x=i. 

1? 1Q n- V^-2 4\/to-9 
Ex.18. Given, -7= = — -== . 

V6x+2 i-Zfe+e 
Clearing of fractions, 

24aj-8v^+6V^--12=24aj--9Vfe+8'/to-18. 

Uniting terms, V6x = 6. 

Squaring, 6aj=36. 

Hence x=6. 

Ex. 19. By Art. 84, -7=: — = VsS- 3. 
^ ' V&X+3 

Hence V5a?— 3— 1 = — 5 — • 

Clearing of fractions, V5a?=5. 
Squaring, 5aj=25. 

Hence x=5. 

Ex.20. Squaring, 4a+aJ=4S+4it?+a?— 4Viaj+aj*. 

Transposing, Vbx+af = a? + 5 — a. 

Squaring, &a?+aj*=a5'+ft*+a'+2&c— 2aa?— 2aJ. 
Transposing, 2aaJ— JaJ=a'— 2ad+J*=(«— J)'. 

Hence ^^^^l^' 
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CHAPTER XIV. 
Abt. 255, Page 179. 

Ex. 3. Clearing of fractions, 

4iB»+5=405. 

Eeducing, a?' = 100. 

Hence a; =±10. 

Ex. 5. Clearing of fractions, 

Transposing, xVa*+7?=ia^^ix?. 

Squaring, aj'flt*+a^=a*— 2fltV+a^. 

Transposing, 3aVz=za\ 

a 
Hence aj= 



V3- 
Ex. 6. Transposing, aa?—hs?z=^2c+d. 

Dividing, a?*= __, . 

Hence a;=±( — -x) • 

Ex. 7. Clearing of fractions, 

8a:*- 72 + 10a?»= 7-24aj«+ 299. 

Eeducing, 42a»=378. 

Dividing, a? =9. 

Hence . a;=±3. 

Ex. 8. Transposing, a?-A:a^^l2ab+%\ 

Hence a? = ± (2a — 3 J). 

Ex. 9. Clearing of fractions, 

lla?'-aj— 25=3aj'-a?+25. 

Eeducing, 8a^=50. 

Hence aj= ±4- 

Ex. 10. Clearing of fractions, 

a?v^BV17+a^-17=4. 

Transposing, ajv/aj*— 17=21— a?'. 

Squaring, a^-17aj»=441-42a?'+a^. 
Eeducing, 25^5* =441. 

Hence . a?=±^. 
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Ex. 11. Clearing of fractions, 

Uniting terms, 4aV=4a^'. 

Dividing, a?'=l. 

Hence aj=±l. 

Ex.12. By multiplication, ^g 

/B»+3aj-7=aJ+2+— . 

18 ^ 
Transposing, a?' + 2ic = 9 + — . 

Kesolving into factors, g 

Clearing of fractions, x^=9. 
Hence a; =±3. 

Prob. 2. Let mx denote the sum of the numbers. 
Then will nx " the greater number, 
and mx—nx " the less number. 
Hence mx{mx^nx)=:a. 

Dividing, aj' = —3 : 

Hence x 



nx=:±\/ 

mx^nx^^J^EK^^Kf^E^ 



«» 



Prob. 3. By the conditions, 20 --5^ = 8. 

Hence i»'=:36; 

a?=±6. 

Frob. 4. By the conditions, a = J. 

Hence ^^ma-^ml^ 

x=±:Vm{^;z:b). 

i, f , and I are in the ratio of 6, 8, and 9. 
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Prob. 5. Let 6x denote the first nnmber. 

Then will 8a? " the second number, 

and 9a? " the third number. 

Hence •36aj»+64aj»+81a?'=724. 

Reducing, aj'=4. 

Hence »= ±2. 

The numbers are ±12 ; ±16 ; ±18. 
Frob. 6. Let mx^ nx^px denote the numbers. 

By the conditions, m*3E^+n*a?+j>V=a. 

Hence x = ± \/ . 

Prob. 7. Let x denote the greater part 

Then will 49— a? " the less part. 

X 49— a? 4 3 
By the conditions, JgTT^- -^ --a-i- 

Clearing of fractions, 

aj':(49-a?)«::16:9. 
Extracting the square root, 

a?:49— aj::4:3. 
Multiplying, 8a?= 196— 4a?. 

Hence a? =28; 

49-a?=21. 

a? fl5— a? 

Prob. 8. By the conditions, : ::m:n. 

^ ^ a — a? a? 

Clearing of fractions, 

a?' : {a—xy ::m:n. 

Extracting the square root, 

x:a—x::Vm:Vn. 

Multiplying, a? Vn = aVm—xVm. 

_ aVm 
Hence' x=—7= ;=; 



a— a?= 



aVm+aVn-^aVm 



m-i-yn 

Prob. 9. Let x denote a side of the smaller square. 

Then will a? +10 " "of the larger square. 
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By the conditions, of : (aj+ 10)' : : 9 : 25. 
Extracting the square root, 

flj:aj+10::3:5. 
Multiplying, 6aj=3aJ+30. 

Hence aj=:15; 

aj+10=25. 
Prob. 10. By the conditions, (oj+a)' : jb' : : m : n. 
Extracting the square root, 

Multiplying, x Vn + a Vn = x Vm. 

^ aVn 

Hence x=—:= 



x+a= 



Vm—Vn 
aVni'-aVn+aVn aVm 



Prob. 11. Let x denote the distance B traveled. 

Then will a? + 18 " « A traveled ; 

aj+18 
OQ " the miles B traveled per hour ; 

X 

j^ " the miles A traveled per hour. 
Then \:.^u::'-^:^. 

Multiplying, a!»=^(aj+18)'=^(a;+18)'. 

Extracting the square root, 

«=!(«+ 18). 
Hence a;=54> 

a+18=72. 
Prob. 12. Let x denote the distance >B traveled. 
Then will 05+ a « « A traveled. 

Then x:x+a::^±^'A 

Multiplying, mx' = n{x + a)'. 

Extracting the square root, 

xVm=ixVn+aVn. 



ABT. 255. EQUATIONS OF THE SEOOND DEQBEB. 67 

aVn 



Hence «= 



aVm 



. Prob.l3. 256(a?-.iy=81a^. 

Extracting the fourth root, 

4(aj-l)=3a?. 

Hence a? =4. 

That is, one fourth part was drawn each time. The first 

256 
time he draws -7- =64 gallons, and 192 gallons remain. 

192 
The second time he draws -x-=48 gallons, and 144 remain ; 

and so on. 

Prob.l4. The first remainder=a— -= = -x 

n n n ' 

a(n— 1) a(n— 1) a(n— 1)' 



the second remainder = 



n 71* nf ' 



the third remainder = — -^^j-^ 5—^ = 5—^ ; 



w n" n* 



, I. 1 .1 a(n— 1)* _ 
the fourth remainder = 4-^=6- 

Extracting the fourth root, (ti— l)a^=n&^. 

1 

Hence n=-i j. 

Prob. 15. Let x denote the number of days engaged. 

75 

A worked a?— 4 days, and his daily wages were — 7 ; 

B « aj-7day8, " « « « -^. 
48f-^j=B's wages " " only 4 days. 
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Clearing of fractions, 

25(aj-7)'=16(a?-4)'. . 
Extracting the square root, 

5(i»-7)=4(aj-.4). 
Eeducing, a? =19. 

Prob. 16. A worked x—a days, and his daily wages were _ ; 

n 
B " aj-J days, « « " " ^3^. 

Hence mi )=w( — r). 

Clearing of fractions. 

Extracting the square root, 

Expanding, xVm—-bVm=xVn'-aVn. 



Hence x= 



Vm— v 



n 



Art. 259, Page 184. 

Ex.2. 2aj'+8a;=90. 

Completing the square, 

aj'+4a?+4=45+4. 

Extracting the square root, 

a;+2=±7. 
Hence a; = + 5 or — 9. 

Art. 260, Page 185. 

Ex. 6. Multiply by 28, 

196«'-84aj+9=4480+9. 

Extracting the square root, 

14aj-3==b67. 

Transposing, 14ic = + 70 or — 64. 

32 
Hence a? = + 5 or — -=-. 
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Aet. 261, Page 186. 

Ex. 9. Multiply by 12, 144a!'- 3x = 252. 
Completing the sqnarc, 

1AA . Q 1 16,128 1 

1440! -^«+6i-— 6i~+64' 
Extracting the square root. 

Transposing 12a? = +16 or — j-. 

4c 21 
Eeducing, ^ ~ "^ 3 ^^ "" 16' 

Ex. 10. Clearing of fractions, 

. 3a?»— 2aj=133. 
Completing the square, 

9x'-6x +1=899+1. 
Extracting square root, 

3a?-l = ±20. 
Reducing, a?=7 or — ^. 

Ex. 11. Completing the square. 

Extracting square root, 

Transposing, a? =16 or — 14. 

Ex.12. Transposing, 3aj*+2ic=85. 
Completing the square, 

9a;«+6aj+l=255+l. 
Extracting square root, 

3aj+l=zbl6. 
Eeducing, aj=5 or — V^. 

Ex. 13. Completing the square, . 

9a^-6x +1=^+1. 
Extracting square root, 

3a?-l=±^. 
Reducing, a?=for— 4- 
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Ex.14. Multiply by 2sc — 1, and we have 

6aj*— 3a?— 6a?' + 40 — q^2x — =^^—2. 

m . >.^ ^ 6a5»— 23aj+10 
Transposing, 42 — 7a? = oHo * 

Clearing of fractions, 

378-147a?+14a?»=6a?»— 23a?+10. 
Transposing, 8a?'— 124a?= — 368. 

Dividing, a5«__^^ _46^ 

Completing the square, 

,_31a 961_961 ,^_225 

* 2 + 16 " 16 ""^^""Te • 
Extracting square root, 

0? — ^==fcJ^. 
Transposing, a?±=^ or 4. 

Ex. 15. Clearing of fractions, 

30a;— 72 + 6a?=4a?». 
Transposing, 4a?» — 36a? = — 72. 

Completing the square, 

0?' — 9a?+-5^=l^_ 7 a __ 9^ 

Extracting square root, ^* 

a?=ldi|=6 or 3. 

Ex. 16. Reducing, 12 ^Q _^^_ 

i^leanng of fractions, 

-P^-^ . ^^^-»-^^*+20-10a?^20a?=3a?4-3a? 
Reducmg, 8a?-7a?=20 ''-^+^- 

Completing the square, 

E^cfiH.^*- ^6*"— 8405+49=240+49 

. -"^tractmg square root, 

Educing, ^'I^'^^I^ 

«» a:==4 or — f. 

^«* IT- Transposiug, 

«*^a?(V3+l)^ ,^^ 
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Completing the square, 

• / m .X /V3+1V 3+2\/3+l-2\/3 , 

Extracting square root, 

-v/34.1 -v/34-3 -v/3-1 

«=— ^— =tl=— ^— or— ^— . 

Ex.18. Clearing of fractions, 

aB»-.15a;+12-.3aj'+15aj-18=-2aj"+12a-16. 
Transposing, 2«*— 12aj = — 10. 

Completing the square, 

«»— 6a?+9=4. 
Extracting square root, 

aj=3±2=5 or 1. 

Ex. 19. Clearing of fractions, 

2aj'+2a*+4ai»+2aj'=5aa?+5aj*. 

Transposing, aj*+fl5a:=2a*. 

Completing the square, 

a' 9a* 

Extracting square root, 

a 3a 

0?=— 2=t-^=a or —2a. 

Ex. 20. Completing the square. 



, , ,, /a-f-JV 



Extracting square root, 

a+J a— 5 - 

0?=*-^— ±— 7j— =a or b, 

Ex. 21. Since the product of the two factors is zero, at least 
one of the factors must be zero. 

If 3a?— 25ti0, then a?=8|; 

if 7aJ+29=:0, then aj;=— ?^. 
These values may be found by the usual method. 
Eicpanding, we have 

.21aj»~88a?=726. 
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Completing the square, 

88aj /Uy 1936 15,225 



(S)= 



^' 21 "*" \21/ - 441 "•" 441 
Extracting square root, 

** 131 ^, 
^^2i'^"2r'^*^^^""^' 

Ex. 22. Clearing of fractions, 

27aj'-36a:+12+12aj'-60a?+75 = 60a?«~190aj+10a 
Eeducing, 21aj»-94aj= -13. 

Completing the square, 

, 9^ my .2209 273 

^■"2l''"\21/ ""441 ""441' • 
Extracting square root, 

_47 44_13 1 
^"21^21" 3 ^^r 

Ex. 23. Performing the multiplication, 

Transposing, 2aj'— 21a? = —40. 

Completing the square, 

,_21a? /2iy 441 320 

Extracting square root, 

21 11 \, 5 

Ex. 24. Clearing of fractions, 

170(aj'+3a?+2)-.170(a?»+2aj)=51a?'+51a?. 
Eeducing, 170(ic+2)=51a?'+61iB. 

Transposing, 61aj'— 119aj=340. 

Eeducing, a;»-y=-^. 

Completing the square, 

• 7x ny 49 240 



3 ' W •"36^36' 



Extracting square root. 



7 17 , 5 
^=6^'6=*^^"3- 
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Ex. 25. Maltipljiiig, 

Kedacing, 2«'=^^. 

Clearing of fractions, ^ 

Transposing, &b* + 2a*aj = 9a*i — 6a^. 

Dividing, aj^H—^zr ^ . 

Completing the square, 

^ 2a^ g^ g'(a'— 6ag+9&*) 

^"^4 "'"6*'" y • 

Extracting square root, 

cf a^—Zah ^ ^ 2a' 
aj=— ^=t — T — =— 3aor 3a-— T-. 

Art. 262, Page 187. 

Ex. 1. Completing the square, 

^ ^^ /13\' 169 144 

Eztractiog square root, 

13 5 ^ , 

Ex. 2. Completing the square, 

. oe /35\' 1225 864 

Extracting square root, 

35 19 „^ „ 
y=^±-^^^1 or %. 

Ex. 3. Completing the square, 

2^+4y+4=25. 

Extracting square root, 

y=— 2±5=3or— 7. 
D 
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Ex. 4. Completing the square, 

Extracting square root, 

y=13=t7=20 or 6. 
Completing the square, 

Extracting square root, 

a?= — J^=t^=4: or— 5. 
Completing the square, 

Extracting square root, 

a;=-i±|=2or— 3. 
Ex. 5. By substitution, ^ + y = 6. 
Completing the square. 

Extracting square root, 

y=— i±»=2or-3. 

By substitution, VS+T2=:2 or —3. 
Involving, a;+12=16 or 81. 

Ex. 6. Completing the square. 

Extracting square root, 

y=— ^±^=3 or —4. 

By substitution, V2aj'+l=r3 or —4. 
By involution, 2^3* + 1 = 9 or 16. 

Eeducing, a* =4 or 7-J. 

Ex.7. Put a'— 6aj=y. 

Completing the square, 

^+8y+16=9009+16. 
Extracting square root, 

y=— 4=t95=91 or —99. 
By substitution, oj' — 6aj = 91 or — 99. 
Completing the square, 

a.»-6aj+9==100. 
Extracting square root, 

aj=3±10=13or-7. 
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Also, aj'—6a?+ 9=9-99= -90. 

Extractiiig the square root, 

aj=a=hV— 90. 

Ex. 8. Completing the square, 

Extracting the square root, 

aj'-aj=^± V-=12 or -11. 
Completing the square. 

Extracting the square root, 

aj=i=ti=4:or— 3. 

Also, »•— aJ4-T=— 11+T- 
Extracting the square root, 

Ex. 9. Completing the square, 

a^+4iB'+4=16. 
Extracting the square root, 

aj*=-2±4:=2or— 6. 

Hence a?= ± \/2 or ± V— 6. 

Ex. 10. Completing the square, 

a.*-.8aj»+16=513+16. 
Extracting the square root, 

ar'=4±23=27or-19. 

Hence a?=3 or —1/19. 

Ex. 11. Completing the square, 

6 3 

Extracting the square root, . 

aj'^=-i±Y=27 or —28. 
Extracting the cube root, 

x^=S or -\/28. 

Involving, x=3' or -VW. 

of 1 
Ex. 12. Multiplying, ^* "" 2^ = "" 16' 
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Completing the square, ' - 

^ 2^16" 
Extracting the square root, 

Extracting the cube root, 
Ex. 13. Completing the square, 



I 



a?-- ^-+^=44^+^. 



3 3aj^ 9 .9 
* +T + 16=^ + 16- 
Extracting the square root, 

iB^= -^±f =1 or -2. 
Involving, a?=^ or — 8. 

Ex. 14. Completing the square, , 

2Vx 
3 
Extracting the square root, 

VS=idzY=7or-^. 
Involving, a? =49 or ^. 

Ex. 15. Completing the square, 

. Vio+S-Vio+^.+^=2^. 

Extracting the square root, 

Vl0Tx==i±%=2 or -1. 
Involving, 10 + a? = 16 or 1. 

Hence a? = 6 or — 9. 

Ex. 16. Completing the square,' 

aj'+20aj'+100=169. 
Extracting the square root, 

aj«=— 10±13=3 or -23. 
Extracting the cube root, 

x=V3 or -V23. 
Ex. 17. Completing the square, 

^*"" 3 ■^9""3''"9* 
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Extracting the square root, 

ic"=^±*=2or-$. 

Ex.18. Put Vl+x^=y. 

Completing the square, 

^ 2"^16"'16"18"'144' 
Extracting the square root, 

y=T=^T!r=i or i. 
Squaring, l+o?— aj'zz^ or ^. 

Completing the square. 

Extracting the square root. 

Also, ^ aj»^a.+^=35+^^Y^ 

Extracting the square root, 

Ex.19. Completing the square, ^ 

Extracting the square root, • 

V^=:-^±4=4or-5. 

Involving, aj=256 or 625. 

• • /- 

-- -. • . »» 

Ex.20. Completing, the square, 

(ic*-2a?)»+3(aj»-2aj)+|=18+|. 
Extracting the square root, • • 

a:'--2ic=-|±| = 3 or -6. 

Completing the square, 

aj»-2a?+l=4. '.'•"• 

Extracting the square root, ' 

a;=l±2=3or-l. 

Also, a;'-2aj+l = -6+l. ' 

Extracting the square root, • 

i»=l± V— 5. ^ 

• 

Ex.21. Put a;'+5a?+28=2^. 

By substitution, y* — 5y = 24. . 



Completing the squa^, ^^^^ ^^ __3 

„ . ^'+5«+28=64or9. 

Squanng, 

Completing ihe ^^^*^*'^^^.3^=:36+^. 

Extracting the square root,^ ^^ __g^ 

aj=— 7=^T ._ . „5__ 



36 ^ 



Extracting the square root, ^-^ 

m'— 2«+2=2/- 

Ex.22. Pat ,_2t/+l=0- 

By substitution, V J 

Extracting the square root^^^^ 

rp»— 2aJ+2=l' 
By substitution, «__2a!+l=0- 

Transposing, 
Extracting the square root,^^^ 

Ex.23. By 8ubstito,tion,^^^^^^gg2. 
Completing the 4«axe,^^^1^82|69 

Extracting the ^^^'^^^^^^ or -U3. 
Extracting the square root^ ^^^ 

By substitution, «+V^=12. 

Completing the square. 

Extracting the square root, 

V^=— i±^=3or-4:. 

_ . _ aj=9 or 16. 
Squaring, •*- ^ 

Ex. 24. Transposing, 25 +<»+ V2o+a5=18^. 
Completing the square, 

3/ +y+i=-T"- 



ABT. 265. EQUATIONS OF THS SECOND DEGREE. 79 

Extracting the square root, 

y=-i±Tr=13or-14. 

By substitution, V25+a?=13 or —14. 
Squaring, 25 +a=169 or 196. 

Hence x = 144 or 171. 

Ex. 25. Squaring, we have 

05— 1=35*— 2aj + l. 

Completing the square, 

aj'-3aj+|--2+|=:|t. 
Extracting the square root, 

aj= 3 ±^=2 or 1. 

Aet. 265, Page 192. 

Prob. 2. Let x denote the breadth. 

Then will a? +60 . " the length. 
By the conditions, a?' + 60aj = 5500. 
Completing the square, 

a?=— 30±80=50 or —110. 
Hence a?+60=110 or —50. 

The negative value satisfies the equation, but not the condi« 
tions of the problem. 

Prob. 3. Let x denote the less number. 

Then will x+2a " the greater number. 
By the conditions, aj'+2aa5+a'=a*+&. 
Extracting the square root, 

05=— a±Va'+A. 
Hence x+2a=ia±Va*+b. 

Prob. 4. Completing the square, 

aj'- 60a? +900 =36. 
Extracting the square root, 

aj=30±6=36 or 24. 

Prob. 5. Let x denote the number of coins of one kind. 

Then will 52 —a? " "of coins of the other kind. 

By the conditions, 52a5— a5'=100. 
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Completing the square, 

aj«-.52a?+26»=676-100. 
Extracting the square root, 

aj=26±24:=50or2; 
that is, there were 2 coins worth 50 cents each, and 50 coins 
worth 2 cents each. ^ 

Prob. 6. Let x denote one of the numbers. 

Then will 2a— x " the other number. 
By the conditions, 2ax — a' = J. 
Completing the square, 

x=a±Va*—b. 

Hence 2a—x=a^ Va^—b. 

Prob. 8. Since the difference of the squares is 5, the' sum of the 

squares must be ^ or 13. 
Hence if x denote the less number, 13—03* will denote the 

square of the greater. .\ 
By the conditions, 13— 205*3 5. 
Transposing, aj* = 4 = the square^ of the less. 
Hence 13 —a' = 9 = the square of the greater. 
The two numbers are therefore 2 and 3. 

Prob. 9. Let a?' denote the square of the less. 
Then will m—of " " of the greater. 

By the conditions, m— 2a?*=flj. 

Hence aj'= — j. — . 

Extracting the square root. 



a?= Y — — -=the less number. 



2 
Also, m—x^=z — - — , 

Hence \l — - — =the greater number. 

Prob. 10. Let x denote the length of one trencL 
Then will 26-a; « " of the other trench. 

By the conditions, (26-a?)'+«*=356. 
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Keducing, 2aj» - 52a? = - 320. 

Completing the square, 

a;' -26a: +169 =9. 
Extracting the square root, - 

a;=13±3=16 or 10. 

Prob.ll. Denote the two numbers hj x+a and x^a. 
By the conditions, 2aj' + 2a* = 2 J. 

Keducing, x = Vb—a\ 

Also, x+a=a+Vb—a\ 

Prob. 12. Clearing of fractions, 

80aj + 320 = 80aj + «• + 4a!. 
Completing the square, 

a.*+4aj+4:=324r. 
Extracting the square root, 

x= -.2±18=16 or -20. 

» 

Prob. 13. Let x denote the number of articles. 
Then will - " the price of each. 

By the conditions, . -= — ri7r+^ 
^ ' X x+2o 

Clearing of fractions, 

K^+ 2ab =;dfl; + caj' + 2i€x. 
Completing the square, 

» ^f T. 2db ,- 

a?'+2Jaj+y= — +y. 

c 
Extracting the square root, 

^ c 

Prob. 14. Let x denote the first number. 

15 
Then will — " the second number, 

X 

225 441 
By the conditions, —r-\ — r=74. 

X X 

D2 
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Clearing of fractions, 74:a;' = 666. 
Eeducing, a?' =9. 

Extracting the square root, 

aj= ±3, the first number. 

15 

Hence -7-0= =*=5, the second number. 

±0 

21 
Also, -^ = ± 7, the third number. ^ 

Prob. 15. Denote the three numbers by a;, -, and -. 

By the conditions, -5 + -3 = a 

Keducmg, a? = ± y — ^ — • 

Hence l^^S/^' 

Prob. 16. Let 8+ a: and 8— a? denote the two numbei^ 
By the conditions, 1024 +48a;»= 1072. 
Eeducing, aj'=l. 

Extracting the square root, 

aj=±l. 
Hence 8dza?=7 or 9. 

Prob. 17. Let a+x and a^x denote the two numbers. 
By the conditions, 2a' + 6aa?' = 2b. 

Eeducing, ^=\ T » 

Hence a±x=a+\/ -^^^ or a—Xj T^ * 

Prob. 18. Let x denote the distance of the needle from the 
weakest magnet. Then will 20— aj denote its distance from 

the strongest magnet. 

4 9 

By the conditions, ^ = ^^q_^^, . 
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Extracting the square root, 

2(2a-a?) = ±3aj. 
Hence 40— 2aj=i:3a?; 

aj=8or-40. 

Prob.l9. By the conditions, -5=7 ^ 

Extracting the sqnare root, 

(a— a?) Vm= :txVn. 

Eeducing, x= ^ . 



Also, a— a?= 



±:aVn 



Prob. 20. Let x denote the distance from C to D. Then will 

X 

QQ denote the number of miles B traveled per hour, and also 

the number of hours he traveled before he met A. Hence 

/xV . 6x 

\20/ ^®^^*^^ ^® distance B traveled; and 00+*^ denotes 

the distance A traveled. 

Qx x^ 

By the conditions, oq + 45 + 7^ = x. 

Eeducing, aj'-280aj= —18,000. 

Completing the square, 

x'-280x+U0'=lQ00. 
Extracting the square root, 

a? =140 ±40 =180 or 100. 

Prob. 21. Let x denote the distance from C to D. 

X 

Then will - " the number of miles B traveled per hour. 

By the conditions, — +l+-z=x. 

n u 

Completing the square. 
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Extracting the square root, 



an— 
x= — 



i^W(^)*-K 



or X 



=« i "-i^- V(W^ I • 



Prob. 22. Let x denote the cost of the horee. 

X 



The loss in selling was x x ^^q. 

By the conditions, j^ = a?— 24. 

Completing the square, 

aj*-100aj+2500=100. 
Extracting the square root, 

a?=50±10=60or40. 

r 

Prob. 23. Let x denote the number of melons less than 18. 
Then • 18+ a; denotes the price of each; 

18— a? " the number of melons. 
By the conditions, 324— a;'=315. 
Eeducing, 03^=9. 

Extracting the square root, 

a?=±3. 
Hence 18 ±3 =21 or 15. 

Prob. 24. Let x denote the length of the produced part 

By the conditions, |(^+|) =^'- 

Eeducing, 4a;'— 2aaj = aK 

Completing the square, 

, ax a' 5a' 
^"""2"^16'=16' 
Extracting the square root, 

a a r-r 
aj=7±jV5. 
4 4 
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Aet. 268, Page 197. 

Ex. 1. Eeducing, 3y»+ 7y = 26. 

Completing the square, 

7y /7\'_49 312 

Extracting the square root, 

«. 7_i_l9 Q nr JL5. 

Hence a?=7— 2y=3 or ^. 

l+3v 
Ex. 2. From Eq. (2), x=—^. 

Substituting in (1), 

Eeducing, 2y'+7y=39. 

Completing the square, 

7y /TV 49 39 

Extracting the square root, 

y=-^±V-=3or-i5^. 
Hence a? =5 or.— ^. 

Ex. 3. From Eq. (2), y=x+ 2. 

Substituting in (1), 10a; + a? + 2 = 3aj» + 6a?. 
Eeducing, 3a?— 5a; =2. 

Completing the square, 

5x /5y_25 2 
^'■■3+\6/~"36+3- 

Extracting the square root, 

aj=|di^=2 or — ^. 
Hence y=4or|^. 

Art. 269, Page 198. 
Ex. 4. Clearing of fractions, 

Completing the square. 
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Extracting the square root, 

^=-V-d=|-=3 or 8. 
Hence ^=1 or i. 

Extracting the square root, 

y=ihlor±VF. 

Also, x=vy= ±3 or i—p. 

77 12 
Ex. 5. By substitution, 



Clearing of fractions, 

12!;«-65i;=-77. 

Completing the square, 

, 65v /65Y_4225 77 

^"■l2+\24/ ""576""12' 

Extracting the square root, 

^=M±fl=iorJgi-. 

Hence y«=16 or ^. 

Extracting the square root, « 

y=db4: or ±— 7=. 

Also, x=vy= ±7 or =fc-7=. 

Ex. 6. By substitution, 

20 41 

2t;»+32;+l"*62;*+4:' 

Clearing of fractions, 

18i;»-1232;=-.39. 
Completing the square, 

,__^4l2; /41Y__1681 312 
^ 6 +\12/ ""144 ""144- 
Extracting the square root, 

C — TTjni-j-g- — ^ or -Tj- 

Hence 2^-9 or ^. 

Extracting the square root, 

2 
y==fc3 or ±— ;=. 

V2i 
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Also, x=vy=:tl or dci——. 

Ex. 8. Assume a?=4+^ and y=4— v. 
By substitution, 

aj»+J^=2048+12802;»+40i^=3368. 
Eeducing, i;*+32i;'=33. 

Completing the square, 

t,*+32i;»+16'=256+33. 
Extracting the square root, 

i;'=-16±17=lor-33. 
Extracting the square root. 

Hence a?=4±l=6 or 3. 

Also, y=4q:l=3 or 6. 

Ex.9. Assume x=:3+v and y=z-—v. 

By substitution, 22«+6;3i;»=341, (1) 

and 2s»-.2sw»=330. (2) 

Subtract (2) from (1), Szv^^z 11. (3) 

Substitute (3) in (1), 20»+^=341. 
Clearing of fractions, 80* =1331. 



Hence 5= 



— 11 

-IT' 



From (3), 442;'=11. 

Hence «;=±i; 

aj=s+i;=;;V-=ti=6 or 5 ; 

y=:j5— z;=-?^q=^=5 or 6. 
Ex.10. We find aj=10-y. 

By substitution, lOy— ^— y'=8. 
Completing the square. 

Extracting the square root, 

y=4±T=4: or 1. 

Hence a;=10— y=6 or 9. 

Also, a?=— 12— y. 

By substitution, —12^—^*—^*= 8. 

Completing the square, 

J^+6y+9 = 9-4. 
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Extracting the BCiuare root, • 

Hence a,= _12-y=-9TV5. 

Ex. 11. We have x=6-y. 

Hence a!y=6y-y'=8. 

Completing the square, 

2^_6y+9=l. 

Extracting the square root, 

j/=3±l=4: or 2. 

Hence a!=6-y=2or4. 

Also, a!y=6y-y'=-12. 

Completing the square, ' ■ y. 

• o,«_6y+9=21. 

Extracting the square root, ^ .... 

y=3±V21- 
Hence a;=6-y=3=FV2i. 

Ex.12. We find - = 3- 

Hence ^=.'f -T^."*"^^ 

y=3 and aj=5. 
a? 17 
Also, y"""'3"' 

Hence a;=:— g^=y+2- 

Therefore 2/ = — A and a? = i^. 

Ex. 13. Squaring Eq. (2), . . 

a?'+2a?y+y'=4:. 
Add this to Eq. (1), 2aj' = 5. 

Hence a;=:±y^. 

Also, y=2— a;==2=FV|. 

Ex. 14. Clearing of fractions, we have 

bx+ay=ab; (3) 

Jo? + ay = 4a?y = a5. (4) 
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Hence a? =7-. 

By substitution in (3), -jr+ay^ci^* 

Eeducing, y»-Jy-}.-=o. 

Extracting the square root, 

h 



y= 



2" 



__ ab a 

Hence ic=QT=o« 

Ex.15. Put x=i2-\'V and 3^=2— v. 

From Eq. (1), 3s»+i;»= 84. (3) 

From Eq. (2), 2s + V?=V = 14. (4) 

Squaring (4), ;s'-t;»=196-563+43«. 
Transposing, 3^' + v' = 66;3- 196 = 84. 
Hence s=5. 

From Eq. (3), ^'=84-33«=9. 

Hence v=d=3; 

aj=5±3 = 8or2; 

y=5T3=2 or 8. 

Ex. 16. From Eq. (2), 27= 180. (3) 

From Eq. (1), y+aj=^=36. (4) 

Hence aj=36— y. 

Substituting in (3), 36y-y»= 180. 
Completing the square, 

y«-36y+18'=324-180. 
Extracting the square' root, • 

y=18d=12=30 or 6. 
Also, aj=36-y=6 or 30. 

Ex. 17. Put x=^z+v and y=z—v. 

Substitute in (2), 

15 

Substitute in (1), 2{z'+v%z'^vy=^4.QS. 
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225 

By substitution, 2(;3* + ^;«) x -3- = 468. 

Hence 225;3«+225i;V2343*. 

Eeducing, 225i;'=90*. 

Extracting the square root, 

152; =3^. 
Hence 6v=z. g 

Therefore x=6vj y=4^, and ®='q"« 

Substitute in Eq. (2), {-§+y) X=^^- 

Eeducing, 102^=270. 

Extracting the cube root, 

y=3andaj=2. 

Ex. 17. Otherwise. Squaring Eq. (2), 

af^ + 2a^y« +ajy = 900. (3) 

Subtracting Eq. (1), 2a^2/»=4:32. (4) 

Hence oey=6. (5) 

Dividing (2) by (5), x+y=5. 
Squaring, x^ + 2xy + y' = 25. 

Subtracting 4 times (5), 

a?'— 2a?y+y'=l. 
Extracting the square root, 

a?— y==fcl. 
Hence a?=3or2; 

y=2 or 3. * 

Ex.18. Add twice (1) to (2), 

a3'+2a?y+2/*=J+2a. 
Extracting the square root, 

aj+y=d=Vi + 2«. 
Subtract twice (1) from (2), and we obtain 

a?— y=ihVi— 2a. 
Hence 2aj = d= Vi4-2a± Vd— 2« ; 

2y = d= V*+2«=F VJ-2«. 
Ex. 19. By substitution, 2;»+;3'=72; 1 (3) 

i;+;s=6 or t;=6— 2J. \ (4) 
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Substitute (4) in (3), 

216-1083+183*=72. 
Eeducing, 2* — 6s = — 8. 

Completing the square, 

3*— 63+9=1. 
Extracting the square root, 

3=3±l=4:or2. 
Also, -y=6— 3=2or4; 

a?=2»or4»; 
y=4' or 2^. 
Ex. 20. From Eq. (1), {x+y)xyr=z^O. (3) 

From Eq. (2), a?+y=-^. (4) 

Substitute (4) in (3), ia5'y»=20. (5) 

Extracting the square root, 

ay=d=4. (6) 

Combining (4) and (6), we find 

aj'+2ajy+y'=25. 
Also, aj*-2ajy+s^=9. 

Hence aj+y==fc5; 

a;— y=db3. 
Therefore a? = 4 or 1 ; 

y=l or 4. 

Ex. 21. From Eq. (2), aj»+y»=-^=8. (3) 

Hence a:y=4. (4) 

Add twice (4) to (1), a^+2a?y+y»=16. 

Extracting the square root, 

a»4.y=±4. 

Subtract twice (4) from (1), 

aj*-2icy+y'=0. 

Extracting the square root, 

a?— y=0. 
Hence aj=d=2=y. 

Ex. 22. Divide (1) by (2), 

a^+i»«y+icy+iCj^+S^=1031. (3) 



+ JC=S1. 

6, 

10. 

V- 
760 



W 



(6) 
(6) 



(.1) 



-19. 



(3) 
(*) 
(S) 



(8) 
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Extracting the square root, 

t;=9±l=10 or 8. 
Hence s=8orl0. 

Therefore a?=3— 7=1 or 3 ; 

y=t;— 6=4 or 2. 

Prob. 1. Denote the two parts by a; and 100— as. 
By the conditions, Vx+ VlOO— a?=il4:. . 
Squaring, a?+100-a5+2\/l00a:-a?"=196. 
Eeducing, Vl00aj-a'=48. 

Squaring, 100a?-«»=2304. 

Completing the square, 

a;'— 100a?+2500=196. 

Extracting the square root, 

a?=50±14=64 or 36. 

Prob. 2. By the conditions, . ' ;_ * 

Squaring, x+a-x+2Vax^^==V. 

Eeducing, , 2V'aa:— x»=y— a. 

Squaring, 4aaj— 4iB'=&*-2ai'+a'. 

Completing the square, 

4aj'— 4aa?+a'= 2a&'— J*. 

Extracting the square root, 

2a?— a= ± V2ab*-'b\ 

Hence a?=|d=^V2^^'. 

Prob. 3. Let 4+ a? and 4— a? denote the two numbers. 

By the conditions, . 

512+192a;'+2aj*=706. 

Completing the square, 

aJ*+96aj'+48'=2304+97. 

J* 

Extracting the square root, • 

a?«+48=49. 

Extracting the square root, 

aj=±l; 

. 4±1=5 or 3, the two numbers. 



94: KEY TO TREATISE ON ALGEBRA. 

.Prob. 4 Let a+x and a—x denote the two numbers. 
By the conditions, 2a*+12aV+2aj*=2S. 
Completing the square, 

aj* + 6(3^V + 9c^ = 9a*- a* + b. 
Extracting the square root, 

Hence a±aj=a±'/— 3a'±\/8a*+S. 

Prob. 5. Let 3+0? and 3— a? denote the two numbers. 
By the conditions, 4:86+S4:0aj*+30aJ*=1056. 
Completing the square, 

a^+18aj»+81=81+19. 
Extracting the square root, 

a?»=-9±10=lor-19. 

Extracting the square root, 

x=dzl or diV— 19- 
Hence 3 ± a? =4 or 2, the required numbers. 

Prob. 6. Let a+x and a—x denote the two numbers. 
By the conditions, 2a'^+20aW+10a£e*=J. 
Completing the square, 

aj*+2aV+a*=^^^+a\ 
Extracting the square root, 



a^ 






9 



lOa^ 5 ~^' 



Hence adzx=azt\/\/^+^^a\ 

Prob. 7. Let a? denote the greater number. 

120 
Then will -— denote the less number. 

so 

By the conditions, (aj+8)(^+5)=300. 
Completing the square, 

a;'-28a?+196=196— 192. 
Extracting the square root, 

a?=14±2=16 or 12. 
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120 
Hence — =7iorl0. 

X 

Prob.8. By the conditions, {x+i)\-+c)=:d. 

Expanding, aj» + — = . x. 

c c 

Completing the square, 

, m* m? ah 

4t 4: 

Eirtracting the square root. 






Also, 



^ m . rn? ab 






2 V 4 ^• 

Prob.9. By the conditions, a7=aj*— y*; (1) 

ajy=a?+y. (2) 

Divide (1) by (2), l=a?— y or a?=y+l. (3) 

Substitute (3) in (2), y+y=2y+l. 
Completing tiie square, 

Extracting the square root, 

y=^±^\/5=1.618 or -0.618. 
Also, ^=^±^^5=2.618 or +0.382. 

Prob. 10. Let x and 100— a? denote the two parts. 
By the conditions, 

lO0a?-a;»=(lOO-a?)'-aj«=lO,OOO-2OOa?. 
Eeducing, g? - 300a? = - 10,000. 

Completing the square, 

a.«-300ic+150»=22,500-I0,000. 
Extracting the square root, 

a?=150d=111.803=38.197 or 261.803. 
Also, 100-iB= 61.803 or -161.803. 

Prob. 11. Let x and a—ic denote the two parts. 
By the conditions, twj— aj*=a'— 2aa?. 
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Completing the Bquare, 
Extracting the square root, 

d d -. 

Hence a— aj=— ^^q^^- 

Prob.l2, By the conditions, aj+y=a; (1) 

Clearing of fractions, 'X-\-y=Tmj=a. (3) 

Hence aj=^. (4) 

Substituting (4) in (1), ^+y=dj. 

Reducing, ^ — ^y = — t. 

Completing the square, 

V 

. Aet. 275, Page 204. . 

Ex.2. aj'+lla!=-28. -y\^ , ^_1 

Ex. 3. a5'+4aj=45. ^^- '• * ■^12712' 

Ex.4. aj'-5aj=66. Ex.8. aj'-2;»=4 

Ex.5. x'+x=2. Ex.9. iB'-2iC=-6. 

a? 1 
Ex.6, a?'— ^=^. 

Aet. 276, Page 205. 

Ex.1. (a?+2)(a?+4). 

Ex.2. lx^S){x+9). 

Ex.3. (aj-6)(aj+4). 

Ex. 4. Completing the square. 
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Extracting tlie square root, 

x=-^±^=^lS or -60. 

Ex. 5. Completing the square, 

aj^-88a?+4:4«=1936-.1612. 
Extracting the square root, 

ar=44±18=62or26. 

Ex. 6. We have 2aj»+aJ=6. 

Completing the square, 

a? 1 _ 1 
^"'■2"*'l6""l6'^^' 

Extracting the square root, 

a?=-i=fc|=-2or|. 

Ex. 7. We have 3aj'-.10aj=26. 

Completing the square, 

, Ito /5Y_25 75 
^""3 ^W "■9 + 9* 



Extracting the square root, 



aj=4±-^5.=5or-« 



CHAPTEE XV. 

Art. 300, Page 217. 
Ex. 1. 25. 

Ex. 2. 12a*. 

Ex. 3. 6ab\ 

Ex. 4. 15afy\ 

Ex.5, a— 3. 

Ex.6. Product of extremes=9a'— 16ft'; product of means= 

9a'— 10(Z&— 16i'. Jfo proportion. 
Ex. 7. Product of extremes = 225a*— 244a'ft' + 64:ft* ; product 

of mean8=225a*— 385a'ft'+64J*. Ifo proportion. 
Ex. 8. Product of extremes = a*+aft'— a^ft — J*; product of 

mean8=a*— ft*. Jfo proportion. 
Ex. 9. Product of extremes =a'— ft' ; product of means = a'— ft*. 

Proportion. 

E 
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Aet. 319, Page 225. 

Ex. 5. Divide (1) by a?— y, 

af+xy+y^:xy::7:2. (3) 

By composition, a?' + 2xy + y' : ajy : : 9 : 2. (4) 

Substitute Eq. (2) in (4), 

36:a^::9:2. (6) 

Hence xt/=8. (6) 

Substitute Eq. (2) in (6), 

Completing the square, 

y=3dbl=4or2. 
Hence aj=6— y=2 or 4. 

Ex. 6. Substitute (1) in (2), 

Vy:Va-'X::5:2. (3) 

Squaring, y:a— aj::25:4. (4) 

FromEq.(2), Vy-a?: Va-a?::3:2. (5) 

Squaring, y— a;:a— a?::9:4. (6) 

By division, y—a : a—x : : 5 : 4. (7) 

Comparing (4) and (7), 





y:y— a::5:l. 


Hence 


5a 


Substitute in (4) 


5^ r^^ M 

-r:a— a?:: 25: 4. 
4 


Reducing, 


a:a—x\\5:l. 


Hence 


4a 
^"5- 



Ex. 7. By composition and division, 

2aj : 2V^: : 5\/a+6 : V^+6. 

Eeducing, Vxilw 5Vx+%: Vx+6. 

Hence a?+VS=6. 

Completing the square, 

x+Vx+\=z&i. 
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Extracting tlie square root, 

Vi=-i=b4=2or— 3. 
Squaring, a = 4 or 9. 

Ex. 8. By the conditions, 

x+l:x+5::x+6:x+13. 
Hence aj'+14aJ+13=a^+10aj+25. 

Therefore a? =3. 

Ex. 9. By the conditions, 

x+a:x+h::x-jfb:x+c. 
Hence a?+ax+cx+ac=ia!^+2bx+h\ 

Therefore a?= .w . . 

a— 26+c 

Ex. 10. By the conditions, 

2a?+4::3a?+4::5:7. 

Hence 14a? + 28 = 15aj + 20. 

Therefore a? =8. 

The numbers are 16 and 24. 

Ex. 11. By the conditions, 

mx+a : nx+a : :jp : q. 
Hence mqx+aq=npx+ap. 

Therefore x = — — - ; 

mx-=. ; wiB= . 

mq—njp ' mq^njf 

Ex. 12. By the conditions, 

a?— y:aj+y::2:3. 
Whence a? : y : : 5 : 1, or aj= 5y. 

Also, a?+y:a?y::3:5. 

By substitution, 6y : 5^* : : 3 : 5. 

Whence y = 2 and a? = 10 

Ex. 13. By the conditions, 

X'-y.x+yi'.min. 

Hence x:y::n+m: n—m ; 

n+ni 
a?=y. . 
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Also, x^yixyr.n'.jp. 

Hence y-^r=7/'2^-^^=^*''''-^' 

Therefore 2/=^^+^ ^^^ ^=^r=^- 

Ex. 14. By the conditions, 

aj+y:42::aJ— y'.6. 

Hence aj:y::48:36::4:3; 

3aj 

Also, aj:y::aj+y:*2. 

' 3ic' 9aj' 

Hence ^^x=xy+'!t=-^-\-^' 

Therefore a? =32; 

y=24. 

Ex. 15. By the conditions, 

x+yix—y: :a:b. 
Therefore x:y::a+b:a—h. 

Hence os=^y ^3^. 

Also, x:y::x+y:a. 

a+b 2a 

By substitution, y . — ^ : ^ : : ^ ^3^ • «• 

Therefore a+b:l::2y:l. 
Hence y=^ — t: — , x=tt} 77. 

Ex.16. Let 3x and 2aj denote the two numbers. 
fey the conditions, 

81a;*-16a;* : 27af+8o(? : : 26 : 7. 
Eeducing, 65aj : 35 : : 26 : 7* 

Hence Sa? : 5 : : 2 : 1 ; 

x=2. 

m 

Ex. 17. Let mx and nx denote the two numbers. 
By the conditions. 
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Eeducing, {m^--nf)qx={m^-\'n!)p. 

Ex. 18. Let X denote the diameter of a circle, and y its area. 
Then, since y varies as a?', y^ma?. The sum- of the areas 
of the circles whose diameters are 6 inches and 8 inches is 
K6'+8'); that is, 772(36+64:); that is, mlO'; that is, the 
area of a circle whose diameter is 10 inches. 

Ex. 19. Let X denote the radios of a sphere, and y its volume. 
Then, since y varies as aj*, y=^m7f. The sum of the vol- 
nmes of three spheres whose radii are 3, 4, and 5 inches is 
m(3'+4'+5*); that is, mx216; that is, m&\ that is, the 
volume of a sphere whose radius is 6 inches. 

Ex. 20. The volumes of the three globes may be denoted by 
mr^^ mr'^^ and mr"^. Let R denote tlie radius of the single 
sphere which is formed. Then its volume is mK*. 
Hence mR' = m{f + /'+/'») ; 

Hence R=VrH /*+/'». 

CHAPTER XVL 

Akt. 326, Page 229. 

Formula 4. By Formula (3), 

25=a7i+Zn. 
Substituting from (1), 

2^ = an + an + n'tf — 7M?. 

Hence a= — , . 

n — n 

Formula 5. By Formula (4), 

2an = 25 — n^d+ nd. 

28^n^d+nd 
Hence a = oT • 

. Also, by Formula (4), 

Z=— a=— — Z+(n— IW. 
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2s 
Hence 2Z=— +(71— IW. 

Formula 9. By Formula (8), 

71 = — —% = — -J — . 

Hence 2dB^al—ci^-\-ad'\-V^al-\-ld. 

Transposing, ? + Zc? = ids + a' — ad. 

Completing the square, 

?+Zrf+^=2t3?5+a'-«^+^. 

Hence .Z=— 2=*=V^^^+(^"~9") • 

2* 
Also, Z=a+(7i— l)rf=— — OJ. 

Hence an + 7i'(^— 7i^= 2^ — aTi. 

Keducmg, 71' + — -^ — • ^ = ^* 

Completing the square, 

, 2a-(i (ia-dV (2a-^dy+8d8 

Extracting the square root, 

d—ia V{2a^dy-[-8d8 
^^ 2d "^ 2d 

Formula 10. By Formula (8), 

a'^ad=P+ld-2da. 
Completing the square. 

Extracting the square root, 



a=2±\/ (z+g) "ids. 



2s 
Also, a=Z—(7i— !)(/=— —Z. 

Clearing of fractions, 

ln—n^d+nd=28'-ln* 
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Transposing, nW— 2Z;i— c?;i=— 2*. 

Completing the square, 

, 2Z+rf (2l+d\ /2Z-frfV 2« 

• Extracting the square root, 

2l+d V(2Z+d)*— 8d« 

''="2^"=^ 23 ' 

Ex.2. 13. 

Ex.3. 7|. 

Ex.4. — ^. 

Ex.6. 1700. 

Ex.7. 6H. 

Ex.8. -2. 

Ex.9. From Formula (9), 

3-4±Vl+24x442 ,^ 
n= g =17. 

Ex. 10. From Formula (10), 

a=l±V20'— 4x99=l±2=+3or-l. 

Ex. 11. From Formula (8), 

92'- 5» 

^=2910-97"^ 
Ex.13. ;=l+2(n-l)=2n-l. 

Ex.14. «=|{2+2(n-l)}=n'. 
Ex.15. g=^{2+n-l{= ^ ^ ' . 

Ex.16. «=|{4+2(n-l)}=n(n+l). 

49 
Ex. 17. <?= y = 7. The numbers are 8, 15, 22, 29, 86, and 43. 

2^ 
Ex. 18. d=^=^. The numbers are f , 1, ^, ^, 2, ^, and f . 

Ex.19. 2=16+19x32=624; 

624+16 „, „,^^ 
8= — ^— - X 20 = 6400. 

Ex.20. «=2n(»+l)=200x 101=20,200. 
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Art. 327, Page 231. 

Prob. 1. Denote the digits by a?— y, a?, and x+y. 
By the conditions, 

100{x-y)+10x+x+y+198 = t00{x+y)+10x+x-y. 
Uniting terms, 198y=i98. 

Hence y=l. 

Also, mx-y)+10x+x+y ^^^^ 

OX 

Hence 33a? =99; 

x=S; 
a?— 1 = 2 and a;+l=4:. 
Prob. 2. By the conditions, 

{x^yy+x'+{x+yy =1232; (1) 

aj«».(aj8_y«)=16. (2) 

Hence • y= ±4. 

From Eq. (1), 3a?»+2y'=1232. 

Hence 3a?'=1200; 

a?=±20. 

Prob. 3. By the conditions, 

{x--yy+x'+{x+yy=a; (1) 

afi^{x'^f)=i. (2) 

FromEq.(2), y=Vb. 

From Eq. (1), 3aj'^ + 2^ = a. 

By substitution, a?*= — ^ — - 



Hence x 



^Ja=^b 



3 • 
Prob. 4. Bjr the conditions, 

(a._3y)+(a!-y)+(a;+y)+(iB+3y)=28. 
Hence as =7. 

Also, (a!'-9y)(a!'-30=585. 

By substitution, 93/*- 49(^+2401 =585. 
Completing the square, 

490^* /245y 60,025 1816 
y~ 9 "^V 9 / ~ 81 ~ 9 * 
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Extracting the square root, 

y — —g— ^ -F- — *• 
Hence y=±2; 

a?— 3y=l; a?— y=5; x+y=9; a?+3y=13. 

Prob. 5. Let x denote the number of days A travels. 
Thenwma?-5 " " « B travels. 

A travels — - — milea 

By the conditions, — 3 — = (a?— 5)12. 

Eeducing, a;'+aj=24a?— 120. 

Completing the square, 

a;«-23a?+(Y)'=^--120. 
Extracting the square root, 

a?=Y±^=15 or 8. 
Prob. 6. By the conditions, 

=z{X— 0)0. 

Eeducing, aj*+aj=2Ja;— 2a5. 

Completuig the square, 

. ,oz .V /2S-1\« /2i-l\» Sab 

Extracting the square root, 

2&-1 V(2&~l)'~8a6 
^~ 2 "^ . 2 

Prob. 7. Let a; denote th^ number of days the second person 
travels. , ^ 

The distance he travels is ^(24:+a;— l)=^x(a?+23). 

The distance the first person travels is (a? +3)'. 

By the conditions, (a? + 3)' = — ^ — . 

Expanding, 2aj'+ 12aj+ 18 =a;»+23a?. 
Completing the square, 

aj»-llaj+(ig^)»=(V)'-18. 
Extracting the square root, 

a?=:V-=t^=9 or 2. 
E2 



a?' 



! 
I 

I 
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Prob. 8. Let x denote the required number of days. 

X 

The number of miles A traveled is ^1+x). 

X 

The number of miles B traveled is ^(42— 2aj). 

X 

By the conditions, 5(43— a;) =165. 

Expanding, a?' — 43a? = — 330. 

Completing the square, 

flj»-4:3a?+(Y)'=^^-330. 
Extracting the square root, 

aj=*3 jt,23^10 or 33. 

Akt. 335, Page 236. . 
Formula 2. Substitute in Formula (1), 



Ir 



I 



T 

8 — 



r-1 
Multiply numerator and denominator by 7^~', and we have 



8 = 



7**— /•* ** 



Formula 3. From Formula (2), 

Z/^-Z=5(7^-7'*-')=(r-l)«r— '. 

Hence Z= rA; — . 

r — 1 

Formula 4. From Formula (1), 

8r-'8=lr^a. 
Substitute the value of r, 

1 
Multiply by a*-^, 

1 1 n n 

n n 

Hence «=^ 1-. 
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Formula 5. From Formula (1), 
Hence r= — 7. 

8-^1 

From Formula (1), - = y*"* = (^37) • 

Hence l{8-~iy-'=:a{8-~ay'\ 

Formula 6. From Formula (2), 

8f^—8r^^^=lr^'~L 
Hence «r"— Zr*— «r*~'= — Z. 

Formula 7. From Formula (1), 

a 
Hence (^—1) log- ^=log. Z— log. a. 

Therefore ^_^ JogJ-\og.a 

log. r 
Formula 8. From 'Formula (5), 

\8—l/ a 
Hence (n— 1) {log. («— a)— log. («— Z)} =log. Z— log. a. 

Therefore 71— l>=i — . ^' . — r-^^ — 77. 

log. («— a)— log. («— ^) 

Formula 9. From Formula (5), 

ar^=:a+T8—8. 

TT ^ a+r8-8 

Hence y^= . 

a 

Therefore n . log. r = log. {a+rs—s)— log. a. 

Hence ^^ log.(a+r.-.)-log.a 



Formula 10. By Formula (2), 



log./* 






Hence (n — 1) log. r = log. Z — log. (Zr— r^ + «). 

rrn i? ^ lOff. Z— log. (//• — r*-f«) 

Therefore n - 1 = -^ 1^ ^ - — -^--^. 

log./* 



v. 
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Ex.2. Z=2.3'=2x 19,683=39,366. 

„ , 3"-l 531,441-1 „„,^„^ 
Ex.4. 8=—K—= — -a =265,720. 

8-a 1023-1 ^ 
Jix.5. »'-,_^-io23-512~^* 

I 2048 2048 

^6. «=pc:i--2ir--2048=^- 

„ ^ «/•--« 6(1)'- 6 10,101 ,„,,, 

IVy V JB ^ I 10 373 



8(ir-8 32,767 ,,,,,, 
^ " 2048 



Ex.8. «= 1 — = anAQ =15 



3048* 



162\^ . 1 



Ex.9. ^=(^j =81^=3. 

6, 18, and 54 are the required numbers. 

T. ^^ /256\^ , 

Ex.10. ^=\"r/ ~ ' 

16 and 64 are the required numbers. 



Ex. 11. 



'=©• 



or {c^i)\ {ab)\ {ahy. 

HtK, Lo, ^-— ^ 1 """Sr* 

a 1 

Ex.15. T-rrl — = l-?=i. 

Ex.16. a=5(l-7')=|.A=l- 

Ex.17. a= 7(1—)= tX =1. 

n— 1\ n/ 71—1 n 

-, a 3 
Ex.18. «=q =T=9/» 
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Ex.20. «=2"-l = 16'-l=42,949,672.96-l. 

Prob»3. By the conditions, 

x+xy+xy'^21Q\ (1) 

ay-a;= 90. (2) 

Subtract (2) from (1), 

2x+xy=zl20. (3) 

120 90 
Hence aj= — —^=-z — 7. 

4 3 

Therefore —-3 =-5 — -. 

y+2 y*— 1 

Clearing of fractions, 

4:3^-4=3y+6. 

Completing the square, 

. 3y /3\» 9 10 

Extracting the square root, 

y=|±ij^=2or-4. 

120 

Also a;=— -5=30 or 160. 

y+2 

The numbers are 30, 60, and 120 ; 
or +160,-200, +250. 

Prob. 4. Let x denote the second number, and y the ratio. 

X 

By the conditions, -+x+xy=4:2 ; (1) 

^+xy=3i. (2) 

Subtract (2) from (1), x=8. 

g 
Substitute in (2), - + 8y = 34. 

if 

Clearing of fractions, 

82^— 34y=— 8. 
Completing the square, 

. 17y flTV 289 ^ 
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Extracting the square root, 

y:=-V^d=Y=4 or ^. 
Prob. 5. By the conditions, 

^+aj»+aj»2^=584; (1) 

a?'=64:. (2) 

Hence a? =4. 

Substitute in (1), 1+1+2^=^=^. 

Keducing, y* ^=— 1. 

Completing the square, 

65y» /65y 4225 

^"" 8 ■*" W "" 256 ■" • 
Extracting the square root, 

• 2/'=-^l±^=8ori. 
Extracting the cube root, y=2 or -J^. 

Prob. 6. Let x, xy^ ay', ay* denote the four numbers. 

By the conditions, a?y^— a^*=36; (1) 

a^— a;=4. (2) 

Divide (1) by (2), y»=9. 

Hence y=±3. 

4 
From Eq. (2), a; =-^^=2 or —1. 

The numbers are 2, 6, 18, and 54; 
or -1, +3,-9,+27: 

Prob. 7. By the conditions, 

aj+ajjr'^a; (1) 

xy+x^=h. (2) = 

Divide (2) by (1), yJ^. 

Vx 
Substitute in (1), aj+-T=^' 

Bedacing, a*x+h*x=c^. 



Hence x= 



a* 



«'+*'• 
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Prob. 8. By the conditions, 

Hence 3 + 3y» = 7y + 7y*. 

Divide by 1+y, 3— 3y+3y»=73ir. 
Completing the square, 

/5Y_25 9 

Extracting the square root, 

y=T=*=f=3or^. 

Also, 0^—0^ = 24:. 

By substitution, 27a;— 3aj=24 

Hence a;=l; 

or 27-3=2*- 

Clearing of fractions, a?— 9aj=64:8. 
Hence a? = — 81. 

The numbers are 1, 3, 9, and 27 ; 
or —81,-27,-9,-3. 

Prob. 9. By the conditions, 

a?+ajy+a?3^+aJ2/»=700; (1) 

ay-a?=i^(ajy'-a?y). (2) 

Divide (2) by a?, y»-l=4^(y'-y). (3) 

Divide (3) by y-1, 

12(y'+y+l)=37y. 
Completing the square. 



, 25y my 625 ^ 
2^-i:2-+\2i/=576-^- 



Hence 2/=t¥=*= A=t or |. 

Substitute in (1), 

4a5 16aj 64a; ^^^ 

Clearing of fractions, 

27a; + 36aj + 48aj + 64aj = 27 x 700. 
Eeducing, 175a;=27 x 700. 

Hence a? =108. 
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Prob. 10. By the conditions, 

x+xi/+xy'+a!^+a^+x^=1365; (1) 

xi/'+a!^=80. (2) 

Substitute (2) in (1), 

^+80+803^=1365. 

if 

16 
Keducing, -^+16y'=257. 

CompletiDg the square, 

2572^ /257y 66,049 1024 
2^"" 16 +\32/ "" 1024 ""1024' 
Extracting the square root, 

y — -g-sr=t=-3^-— J-0 or -j^. 
Extracting the square root, 

y=zt4 or ±^. 
Substitute in (2), 1 6aj + 64aj = 80. 
Hence x=l; 

or 16a?- 64a? =80. 

Hence x=—^. 

The numbers are 1, 4, 16,64, 256, and 1024; 

or —-5. -i-iL^ JJ5. 4-320^ 1280 i gi20 



Ex.4. 



CHAPTER XVII. 
Art. 337, Page 241. 



2+1 



3+1 



4+1 



I 6. 



Ex.5. 



5 + 1 

1 

3+1 

22+1 

1 + 2 
9. 



Ex.6. 
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1 



3 + 1 



4+1 



5+1 
6- 



Abt. 338, Page 243. 
Ex. 2. ■^. Ex. 4. 44|. 

JiiX. O, -0^. 



Abt. 341, Page 243. 

73 Tj TTj TTW -Ex. 3. ^, y, -gnj, -j-y. 



Ex. 2. 4, 4, ^, if. Ex. 3. * >^ ^ ^^ 



Art. 342, Page 244. 
Ex. 4. The number is 3+1 







7+1 






15 + 1 






1. 


Ex.5. 


The fraction is 


1 

^4+1 




%► 


7+1 
1+1 






4. 


Ex.6. 


The fraction is 


1 

3+1 
6+1 

1+1 
1+1 
2. 


Ex.7. 


The number is 


1+1 
1+1 
1+1 


• 




2+1 
. 29. 



Y aiUeS, -J, 75-, XTT* 
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Ex. 8. The fraction is 



12+1 



2+1 



1 + 1 



2+1 



Ex. 9. The number is 3 + 1 



1+1 
1. 

TTolnoa 19 3 8 11 19 

Y aines, tt, -jt, xr> tt> tts) iTy- 



3+1 



1+1 



1+1 
3. 



Ex.10. The number is 2+1 



Values,-!^, J,' »' *» 



ITy T"j Tff* 



4+1 



1+1 

7. 



Ex 11. The fraction is 



Values, I, -V-, If. 



4+1 



1+1 



1+1 
5. 



Values, i, i, -I, U' 



Abt. 347, Page 247. 

Ex. 2. 26 , 25 . 24 . 23 = 358,800. 
Ex.3. 12.11,10.9.8.7=665,280. 

1.2.3.4=24. . 

1.2.3.4.5.6=720. 

1.2.3.4.5.6.7.8.9.10.11.12=479,001,600. 

8.7.6.5 



Ex.5. 
Ex.6. 
Ex.7. 



Ex.9. 



Ex. 10. 



1.2.3.4-^^* 
10.9.8.7.6.5 
1.2.3.4.5.6 



=210. 
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Ex. 11. The first arm can be placed in n distinct positions ; so 
also can the second : thus with these two arms we can form 
71* signals. The third arm is also capable of n distinct po- 
sitions, and each position may be combined with any pair of 
positions of the first and second arms : thus we have n* x n, 
tliat is n^ signals. In like manner, with 4 arms we can make 
n* signals, and with m arms we can make nT signals. 

Note. — The telegraph here referred to is that which was in common nse in 
Europe before the invention of the electro-magnetic telegraph. It consisted 
of an upright post with two movable arms, each of which conld be exhibited 
in yarioQs positions. If each arm can assume six different positions, then 
two arms can be made to furnish 86 different combinations, and each combi- 
nation may be employed to denote a letter of the alphabet or a numeral ; or 
it may denote a word or sentence in a telegraphic dictionary. 

Ex.12. 1.2.3.4.5.6.7.8.9=362,880. 

CHAPTER XVIII. 
Aet. 359, Page 253. 

Ex. 3. a'-7a*aj+21aV-35aV+35aV-21aV+7aaj'-aj'. 

Ex.4. +105a''b\ 

Ex.5. +1225a'i^. 

Ex.6. +252aW. 

Ex.9. Coefficients, 14 6 4 1 

Powers of 2a?, 16aj* 8aj» 4aj' 2x 1 

Powers of 5a*, 1 5a' 25a* 125a' 625a\ 

Ex. 10. Coefficients, 14 6 4 1 

Powers of JB*, x^' a? of of 1 

Powers of 4y', 1 . iy" 16y* Gij/" 2562^ 
Result, x^'+ieafy" +960^7/" +256sf^+ 2563^. 

Ex. 13. 

Coefficients, 

.1 6 10 10 6 1 

Powers of 5a\ 

3126a^» 625a» I25a* 25a* 5a* 1 

Powers of —4x'y, 

1 -4x*y +lGxY -QixY +256a:V -1024a:"y» 

Result, 

3125a"— 12,500aV^+20,000a«a;y-16,000a*xy+6400aVy*-1024a?^<'j^». 
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Ex.14. 














Coefficients, 














1 


6 


15 


20 


15 


6 


1 


Powers of a^x^ 














a»V 


a^V 


a»jr* 


a«x» 


o*x» 


o*a: 


1 


Powers of hy\ 














1 


V 


hY 


by 


by 


jyo 


6«^" 



ILesait,a}*x<'+Wx>by'+15a*3*by+20a*x'bY+Ua*x'bY+6a'xby'+by'. 

Ex. 15. 

CoeflBcients, 1 5 10 10 5 1 

Powers of ax, c^af — aV +aV — aV +aa! — 1 

Kesult, aW— SaV+lOaV-lOaV+Soa— 1. 

19 11 10 Q 

Ex.16. + 1 2 3 4 ^"^' = + ^95a"y. 

Ex.17. j^|^.3'a;''4y=7,838,208«V- 

Ex. 18. 
CoefflcientB, 

1 6 15 20 15 6 1 

Powers of 5, 

5* 5' 5* 5» 5' 5 1 

Powers of — g, 

o« <>»* /y^ <>** <Y«* o* 

M/ M/ M/ U/ »A/ «</ 

1 — g +g-. — gi +g4 -gi +g5 

T? «• ^-S'^g 15.5V 20.5V 15. 5 V 6.5^^ «\ 

.^/.o^ o^«e 3125a!' 625iB« 125a!* 5a!' a!* 

or 15,625-3125a!+-j2— 5j-+^32— j296+46;656' 

Aet. 361, Page 255. 

Ex.2, (aj+y)'=a5'+5a!«y+10a!'j^+10ar'2/'+5a!y+3/'; 

(a.+a+J)'=a!'+5(a+J>»'+10(a'+2ai+J')a;'+10(a'+3a'* 

+ 3ai' + *>' + 5(a* + 4a'* + 6a'A'+ 4a*'+ i> 

+a''+5a*J+10a'5'+10a'A'+5a5*+ft'. 
Ex.4. l+10a!+ 55a!'+200a!'+530a!*+1052a!'+1590a:»+1800aj' 
+ 14853!* + 810a!' + 243a!"'. 
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Abt. 363, Page 267. 
Ex. 2. 87. Ex. 3. 1.58490. 

Aet. 364, Page 258. 

Ex. 1. The sqtiare root of this polynomial is a'— 2aJ+&',whose 

square root is o— 5. 
Ex. 2. The square root of this polynomial is a*+Sa'b+Sab*+b*, 

whose cube root iaa+b. 
Ex. 3. The square root of this polynomial is 

16a?*+ 32a!'y + 24a!'y»+ Say +3^. 
The square root of the latter polynomial is 4a!'+4ary+y', 
whose square root is 2x+y, which is therefore the eighth 
root of the given polynomiaL 

CHAPTEE XIX. 
Aet. 369, Page 260. 

Ex. 3. Given 1 16 81 256 625 1296 

1st diff., 15 65 175 369 671 

2ddiff., 50 110 194 302 

3d diff., 60 84 108 

4th diff., 24 24 

Ex. 4. Given 1 32 243 1024 3125 7776 16,807 

1st diff., 31 211 781 2101 4651 9031 

2d diff., 180 570 1320 2550 4380 

3d diff., 390 750 1230 1830 

4th diff., 360 480 600 

5th diff., 120 120 

Ex. 5. Given 1 3 6 10 15 21 

1st diff., 2 3 4 5 6 

2d diff.. Ill 1 

Art. 370, Page 261. 

Ex.3. a=l,D'=4,D"=5,D'"=2. 

^ , ,„ , 12.11 ^ 12.11.10 - -_ 
T,3=l+12.4+-^.5+ ^3 .2=819. 
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Ex.4. a=l, D'=3, D"=2. 

T,,=l+14.3+i^. 2=225. 
Ex.,5. a=l, D'=7, D"=12, D"'=6. , 

T^=l+19.7+i^.l2+^^^^.6=8000. 

Ex. 6. a=l, D'=2, D"=l. 

1„=1+A"— 1)H 2 2^* 

Ex.7. a=l, D'=3, D"=3, D'"=l. 

T-n4.o, , -, , 8(n-lX«-2) (n-lXn-2)(n-3) n(i.+l )(n+2) 
T„-l+3(n-l)+ 2 + 273 6 

Ex. 8. a=l, D'=4, B"=6, D'"=4, D""=l. 

T 1x4r« ,. , 6(n-l)(n-2) 4(n-l)(n-2)(n-3) 
l„=l+4(ra— 1)4- 2 + 273 

(7t-lXw-2)(n-3X«-4) «(w+lX^+2Xw+3) 
+ 2.3.4 - , 24. 

Aet. 371, Page 263. 

Ex.2. a=l, D'=3, D"=3, D"'=l. 

„ „„ 20.19 „ 20.19.18 „ 20.19.18.17 '^^^ 
S=20+-^.3+-^^3-.3+ ^.^^ =8855. 

Ex.3. a=l,D'=l. 

«(n-l) n'+« 

Ex.4. a=l, D'=3, D"=2. 

3n(w-l) 2w(7i-lXw-2) 2ra'+3ra'+n n(n+lX2n+l) 
b-»+ 2 +" 273 - 6 - 6 • 

Ex. 5. a=l, D'=7, D"=12, D"'=6. 

7w(7t-l) 12n(n-l)(?i-2) 6ra(«.-lXn-2Xn— 3) 

4 - 4 • 
Ex.6. a=l,D'=2, D"=l. 

2w(ra-^l) n(n-l)(n—2) n(n'+Sn+2) 
b-n+ 2 ■•■ 2.3 ~ 6 • 
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Ex. 7. Eatsh term, of this series is double the corresponding 

term of the preceding series. 

Ex. 8. a=l, D'=3, D"=3, D'"=l. 

„ Sn(n-1) 3w(n-l)(n— 2) n(n-l)(n-2)(n-3) 
S=«+ 2 + g-g + 2Xi 

n(n'+6n'+lln4-6) 
24 

Abi. 372, Page 264. 

Jix.J. i=a+ y— g-. +10815 

+ 29 

3.925712, .4n*. 

3D' SD^ 3.914868 

Jix.d. l-a+ 4 - 32 • 4- 16222 

+ 22 

3.931112, Ana. 

„ fflD^ 3D;; 8.914868 

Jix.4. l_a+ 5 - 25 • + 12978 

+ 28 

3.927874, Ans. 

33D' D" 3.914868 

Jix.5. l_a+-jQ^ g-. ^ Y137 

+ 26 

3.922031, Ans. 
Ex. 6. D'= +0.090538, D"= -0.001448, D'"= +0,000067. 

3D' 21D" D"' 5.477226 

•^~*+ 10 ~ 200 "^ 17 ' + 27162 

+ 152 

+ 4 

5.504544, Ans. 

TTv T T-.j.^ 12D'' D;" 5.477226 

lux. t. 3.-a+ 10 - 100 + 16 • + 36215 

+ 174 

+ 4 

5.513619, Ans. 
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D' D" D'" 5,477226 

Ex.8. T=a+y— g-+3g-. +45269 

+ 181 

+ 4 

5.522680, Am. 

6D' 12D" D'" 6.477226 

Ex.9. T=a+-j(j— j;q(J-+^. +54323 

+ 174 

+ 4 

5.531727, Am. 

8D' 8D" D'" 5.477226 ^ 

Ex.10. T=a+^-3^+-3J7. +72431 

+ 116 

±_ 2 

6.549775, Am. 

Abt. 373, Page 265. 

Ex.2. l+a!)l (l-aj+a;'-a'+a!*+ etc. 

1+a; 

— X 

—x—x* 

+i» 
+a;'+a!' 



-te'-a!« 

+aj* 

Ex 3 ,^ SB «" aj* ^ 

■^^'''' a+a!)a (1--+-,--,+ etc. 

a+x » » « 

-* 0!' 

—X 

a 



+ - 
a 



as' a;' 
a a 
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Ex.4. . ,^ X a? a* 

a^x)a (l+-+-i+-i+ etc. 



^ ^ a or a. 



X 

a 



a 
a? of 

Ex.6. l-a?)l + a;(l+2a?+2aj«+2af+ etc. 

1 — a? 

+2aj 
2a?~2ig' 

2aj' 
2a^~2a^ 

2af' 

Ex.6. «-aj> + aj(l+— +— +— + etc. 

<35«a. » 0* a 

^ 2a;« 
2aj-_ 

a 

a 
2^_2^ 

a a? 



2a? 

IF' 
Ex.7. l-a?+aj«)l (l+aj-aj»-aj*+aj«+ etc. 

1— a?+a;^ 

a?— aj* 
a?--a?^+a^ 

— ix?+af'—sif 
F ^ 
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Ex.8. l^x+af)l^x {l^a?^af+af+ etc. 

— a?« 

Ex.9. l^x^a?)l + x {l+2x+3a?+5^+ eU^. 

2aJ+a*. 
2a;— 2a;*— 2a^ 

3a;'+2a;» . 
3a;'-3ar^-3a^ 

5af+3a^' 



Art. 874, Page 267. 

( X d^ x^ 5a;* 
Ex. 2. «;+^V^+2S""8^'+16^"'128^'''" 



a 



a;-f 



4ca' 



X X^\ 0^ 

a?* _^ , _^ 
X a? u? \ of ^ 



X a? uf \ 



aj8 _^ a;' a^ 

8a*"^16a*""64fl^^"^256g^" 
5aJ* a;* a;* 

'"64a*+64a^"256a''* 
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Ex.3. ^(«'+^-|i+i£o- etc. 



4a' 






a?* aj* aj* 
aj" . aj* 



8a* 64a"* 



Ex. 4. |_^^«.________ ete. 



2a? 

ISfflV . 



2a' 



~a'~8a') 



ia* 



~4a* 
sf a? sf' 

as* a!* 



Ex.5. a;+«'(c.+25-^+— _ etc. 



ar-f 



4a' 



"*" a 8a«/ 4a' 

a;* a;' 



4a' 8a* "'"64a' 
aj* aj* 



8a* 64a' • 
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Art. 380, Page 270. 



Ex. 3. Assnme 

l+2x 



■=A+'Bx+Gaf+'Dixf+Eo!f+ etc. 



1— a?— aj* 
Hence 

l+2a?=A4'(B-A)a?+(C-A-B)aj'+(D-B-C)aj»+ etc. 

Therefore 

A==l; B-A=2vB=3; C=A+B=4; D=B+C=7. 

Ex.4. Assume 

1— a; 
j32^3g-5=A+Baj+Caj«+DiB"+ etc. 

Hence 

l-aj=A+(B-2A)aj+(C-3A-2B)a?+(D-3B-2Cy+etc. 

Therefore 

A=l; B-2A=-lvB=l; C=3A+2B=5; D=3B+2C=13. 

Each coefficient is equal to twice the preceding one, plus 

three times the coefficient next preceding. 

Ex. 5. Assume 

Vl-a?=A+Baj+Ca?'+Daj'+Ea^+ etc. 
. Squaring, 

l-a?=A'+2ABa?.+(B'+2AC)aj»+(2BO+2AD)iB" 

+ (C«+2BD+2AEy+ etc. 
Hence 

A=l; 2AB=-lvB=-i; B'+2AO=0vO=-i; 

I>=-tV; E=-.Tw^etc. 

1— aj 

Ex. 6. Assume ■. g =A+Ba;+Ca?*+Da^+ etc. 

Hence 

l-aj=A+(A+B)aj+(A+B+C)aj»+(B+0+D>c'+ etc 
Therefore 
A=l; A+B=-lvB=-2; A+B+C=OvC=+l; 

B+C+D=0 vD= +1, etc. 
Ex. 7. Assume 

Va*-a;*=A+Baj+Ca?'+Da?»+EaJ*+ etc. 
Squaring, 

a'-aj*=A»+2ABa?+(B»+2AC)a;»+(2BC+2AD)a? 
+(C"+2BD+2AE)aj*+ etc. 
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Therefore - 

A=a; 2AB=0vB=0; B*+2AC=-1 vC=-^2^; 

2BO+2AD=0vD=0;(?+2BD+2AE=0vE=-^,,etc. 
Hence v^=:^=a^--g^-^- etc. 

Aet. 382, Page 272. 
Ex. 2. Assume -5 — =- = —-zr + 



Hence 5aj+l=A»— A+Baj+B. 

Therefore 1 = — A+B ; 

5=A+B. 
Hence A=2 and B=3. 

17 o A 5a;-19 A B 
Ex. 3. Assume z» — 5 — 7^tT= 2 + 



aj'-8aj+15""aj-5^aj-.3' 
Hence 5aj-19=:AB— 3A+Baj— 5B. 

Therefore 19=3A+5B; 

5=A+B. . 
- Hence A=3andB=2. 

^ , ^ 3aj»-.l ABO 

Ex. 4. Assume . ^ ^ZTT+Z'^+Z' 

ar^x x-f-i a?— 1 x 

Therefore 3aj»-l=Aaj»-.Aa?+Bic»+Baj+Ca;*-.a 

Hence 1=0; 

0=-A+B; 

3=A+B+0. 

Hence A=l, B=l, and 0=1. 

Ex. 5. Assume 

2a.'-6a?+6 ABO 

"Hz — 0+ 



(aj— l)(aj-2)(a;-3)~ic-.l^ a.-,2^aj-3* 
Therefore 

2a^-6aj+6=AiB»-5Aa?+6A+Baj»-4Baj+3B+Oaj»-3Caj+20. 
Hence 6=6A+3B+2C; 

6=5A+4B+3C; 
2=A+B+0. 
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Hence A=l, B=-2, and C=3. 

Ex. 6. Assume 

5a!*+2flj-l ABO 



(«+l)(a;-l)(2aj+l)~»+l'^a5-i:^2aj+r 
Hence 

5a!'+2a;-l=2Aa!'-Aa!-A+2Ba!'+3Ba!+B+Ca!»-0. . 
Therefore 1=A-B+C; 

2=-A+3B; 
5=2A+2B+0. 
Hence A=l, B=l, and C=l. 

Ex.7. Assume 

13+21ie+2a!' A B D 

l-5a!'+4as* ~l+a;"*'l-a5'^l+2a!'''l-2«!* 
Therefore 
13+21a+2a!*=A-AcB-4Aar'+4Aa!'+B+Ba!-4Baj*-4Baj' 

+C-20a!-Ca!'+2Ca!'+D+2Da;-Da!'-2Daj'. 
Hence 13=A+B+C+D; 

21=— A+B-2C+2D; 
-2=4A+4B+C+D; 
0=4A-4B+20-2D. 
Hence A=l, B=-6, 0=2, and D=16. 



Aet. 383, Page 273. 



Ex.2. y=Ay+B 

1 

"J 



-AA» 



_AB 

+iA' 



y*+ etc. 



2/'+D 
-AC 
-IB' 
+|A'B 

Hence 

A=+l; B-JA'=OvB=+l; O-AB+^A»=0vC=+i; 
D-AO-iB'+|A'B-lA*=0 vD= +^. 

Ex.3. y=Ay+(B-^y'+(c-AB+^^ 

D-AO-^+A'B-f-y 
+ (E-AD-BC+A'C+AB'-A'B+yV+ etc. 
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Hence 
A=l; B=i; C=AB-^*=|; D=AC+?-'-A'B+^* 

=T^; E=AD+BO-A'0-AB'+A'B-y=TlT,etc. 

Ex.4 Proceeding in the nsnal manner, we find B=0, D=0, 
F=0, etc. Hence it is more convenient to omit these terms, 
and assume aj=Ay+Cy'+Ey+Gy'+ etc., 
and we find 
y = Ay +(C+ AV+ (E + 3A'C + AV+(GH-3A»E + SAC 

+5A«C+A')y'+ (I+3A'G+6ACE +C+ 6A*E+10A'C» 

+7A'C+A')y*+ etc. 
Hence 

A=+l; C=-l; E=+2; G=-5; I=+W,eta 

Ex. 5. y= Ay + (B + 3A')y'+ (C+6AB + 5A»)y«+ (D + 6A0 
+3B'+15A'B+rAV+(E+6AD+6BC+15A»0+15AB» 
+28A^+9A')y*+ etc. 
Hence A=l; B=-3; 0=+13; D=-67; E= +381, etc 

Aet. 384, Page 274. 

„ , A /B A'\ /O AB A'\ 

Ex.1. ,=-,+ ^- + _j«.4.^_+_ + _j,. 

/D AOB'.A'B A*\^ , 

+U+^+¥+-i6-+384J*^+ ^*''- 

Hence A=2; B=-l; C=+f ; D=-^,etc 
Value of », +0,500000 

-0.062500 

+0.010417 

-0.001953 

+0.000390 

0.446354 

Ex. 2. Assume »= A«+C«'+E«»+G«', eta, 
and we have 

« = 2A» + (20 + SA*)** + (2E + 9A'0 + 4A')«' 
+(2G+9A'E+9AC»+20A*O+6A')«'+ etc. 



8 
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Hence 

Value of X, +0.2500 

-0.0234 

+0.0046 

-0.0012 

0.2300 

Ex.3. Assume aj=A«+0«*+E«'+Ga'+ etc., 
and we have 

= A» + (c - ^) «• + (e - A'O + :|^) «» 

+(g-A'E-AC»+A«C-y\'+ etc. 

Hence A=l; C=^; E=-^; G=^,etc. 
Value of X, +0.33333 

+0.01235 

+0.00055 

+0.00002 
0.34625 

Ex. 4. This series is similar to that in Ex. 3, Art 383, except 
the signs of the terms. 
Value of X, +0.2000000 

-0.0^00000 
+0.0013333 
-0.0000667 
+0.0000027 
-0.0000001 

0.1812692 

Aet. 389, Page 279. 

Ex.4. {r*+2cr*b+3a-*b'+^cr'b*+5a-*b*+ etc., 

1 . 25 35» 4J' 5b* 
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Ex. 2. -^^^- 390, Pagb 280. 

11 1 l3 135 135t 

— 7 i 1 —_-^ 3a' 8.Sg« ) 

~* \ 2x. 2.4af~2A.6af~2A.6.8af~^^-\' 
Ex.6. 

l.a-rx; -a ^i-Tg^ 8.6o''^a.6.9(i> 8.6.9. 12o«'^8.6.9.12.16a»~ •**• J * 

Aet. 393, Page 283. 

Ex.3. V^=(84.1)^. Comjputation. 2.0833333 

-0.0034723 
+0.0002411 
-0.0000201 
+0.0000019 
—0.0000002 

2.0800838, Ans. 

Ex.4. l/3i=(27+4)i Oon^nttation. 3.1481481 

-0.0073159 
+0.0006021 
-0.0000594 
+0.0000064 
-0.0000007 
3.1413806, Ans. 

Ex.5. V^=(32-2)* Compuiaiion. 2.0000000 

-0.0250000 

-0.0006250 

. -0.0000234 

-0.0000010 

1.9743506, An8. 

CHAPTER XX. 

Abt. 411, Page 293. 

Ex.3. 355.5. Ex.4. 2.220. 

F2 
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Aet. 412, Page 294. 
Ex.3. 27.69. Ex.4. 317.6. 

Aet. 413, Page 295. 
Ex. 3. 3.207. Ex. 4. 0.4605. 



Ex.4. 0.6156. 



Aet. 414, Page 295. 



Aet. 415, Page 296. 
Ex. 2. 36.70. Ex. 3. 7380. 

Aet. 417, Page 296. 

Ex. 2. a?=1.544. Ex. 5. a?= 2.262. 

Ex. S.x= 0.7093. Ex. 6. a? = 3.831. 

Ex.4. aj=0.8451. 

Aet. 419, Page 298. 

Ex. 5. $620.70. Ex. 8. 11.89 years. 

Ex. 6. $270.70. Ex. 9. 14.20 years. 

Ex. 7. 5 per cent. 

Art. 422, Page 300. 

Ex. 3. $8515.00. 
Ex.4. $5972.00. 

Ex.5. ^+l=(l+r)-; 

A ^^ Ar . , 
_=10v-+l=i; 

Aet. 423, Page 300. 
Ex. 4. 36.98 years. 
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Aet. 429, Page 304. 

Compatation of log. 2, 0.666666 

0.024691 
0.001646 
0.000131 
0.000012 
0.000001 

log. 2=0.693147 

Computation of log. 3, 0.693147 

0.400000 
0.005333 
0.000128 
0.000004 

log. 3=1.098612 

Computation of log. 5, 1.386294 

0.222222 

0.000915 

0.000007 

log. 5 =1.609438 

Computation of log. 7, 1.791759 

0.153846 
0.000303 
0.000002 

log. 7=1.945910 

CHAPTER XXL 
Aet. 435, Pagb 308. 

Ex. 3. The first member is divisible by as— 2, and gives 

IB*— 9a!+18=0. 
Ex. 4. The first member is divisible by »— 4, and gives 

a,»+5aj-14=0. 
Ex. 5. The first member is divisible by x+1, and gives 

«• - 39a!» + 249a!4- 289 = 0. 
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Ex. 6. The first member is divisible by aJ+5, and gives 

Ex. 7. The first member is divisible by a? —3, and gives 
a^+4aj'-2i»*-20aj»— lli»'+16aj+12=0. 

Art. 436, Page 309. 

Ex. 1. Dividing by a?— 1, we have 

aj«+4:aj-12=0, 
which, being solved, gives 

aj=+2or— 6. 
Ex. 2. Dividing successively by oj—l and a?— 3, we have 

«'— 6aj+8=0, 
which, being solved, gives a? =2 or 4. 
Ex. 3. Dividing successively by a?— 3 and a?— 6, we have 

aj'— 4aj+l=0, 
which, being solved, gives 

a?=2=fcV3. 
Ex.4. Dividing successively by a?— 2 and a?— 3, we have 

4aj»+6aj+l=0, 

, . , . s±VE 

which gives aj= j . 

Ex. 5. Dividing successively by a?— 2 and aj+2, we have 

a;«-.6aj+4=0, 

which gives a? = 3 ifc VZ. 

Art. 437, Page 310. 

-1 + V^ -1-^/1^8 

-l + yZs ^l-yCIs 



— 2— 2V--3=the square. — 2+2i/--3=the square. 

2+2-/=^ 2~2\/33 

-2Vir3+6 +2\/~3 + 6 

8= the third power. 8= the third power. 
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Ex.l. aJ*=81vaj*=±9va;=±V9= + 3or -3. 

Ako, aJ=±-/^=±3-/^. 

Ex. 2. a;'=64 vaj»= ±8 '.'x=+^ or —2. 
Dividing aj^— 64 by aj*— 4, we obtain 

a^+4a»+16=0, 

which gives aj'=— 2±2V— 3. 

Hence a?= ± V_2±2-/r|. 

Aet. 438, Page 312. 

Ex.3. aj'--4iB«+2aj*+3aj~2=0. 
Ex.5. a?*-6aj»+18aj»-.26aj+21=0. 
Ex.6. aj*-6a^+llaj'-10aj+2=r0. 

Aet. 441, Page 314. 

y I* 

Ex. 2. Substitute | f or a?. 

Ex. 3. Substitute | for a?. 

Ex. 4. Substitute | for x, and we obtain 

y»+13y»+6y-72=0. 

y 

Ex. 5. Substitute | for x, and we obtain 

2/*— 183^+64y+33=0. 

y 

Ex. 6. Substitute | for a?, and we obtain 

y»-143^+63y-90=0. 

Aet. 442, Page 316. 

Ex.1. -1,-3, and +2. 
Ex.2. — 1, -.2, and -3. 

Ex.3. +1,-5, -1--/^, and -l+Vn. 

Aet. 443. Page 316. 
Ex. 1. One root is 1— V^. Dividing the given polynomial 
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by aj"— 2aj+2, we obtain a? + 2 = 0. Hence —2 is a root of 

the equation. 
Ex.2. One root is 2— V—l. Dividing the given polynomial 

by «'— 4aj+6, we obtain aj+3=0. Hence —3 is a root of 

the equation. 

Ex. 3. One root is 1— 2-/— 1. Dividing the given polynomial 

by a?'— 2aj+6, we obtain a?+l=0. Hence —1 is a root of 

the equation. 
Ex. 4. One root of the equation is 2— Vs. Dividing the given 

polynomial by oj"— 4aj+l, we obtain a;'— 1=0. Hence +1 

and —1 are roots of the equation. 

Ex. 5. Two roots of the equation are — 1 — V— 1, and 1 + V— 3. 
Dividing the given polynomial by aj'+2aj+2, and this result 
by aj*— 2a;+4, we obtain aj*-— 4 = 0. Hence x=±V2 or 

Art. 444, Page 317. 

Ex. 1. Substitute y — 1 in place of a?. 

aj«=jf«-3y*+3y— 1 

3aj'= 33/»— 6y+3 

— 4aj= — 4y+4 

+1= +1 

Ana. 2/* — 7y+7=0 

Ex. 2. Substitute y+1 in place of x. 

aj'=2/*+3y*+3y+l 

— 2a?»= — 2y»-4y-2 

3aj= 3y+3 

-4=_^ -4 

Arts, y* + 3/'+2y-2=0 

Ex. 3. Substitute y— 3 in place of a?. 

aJ*=2/*-12y»+54y»-108y+ 81 

9aj»= 9y»-81y'+243y-243 

12aj»= 12y»- 72y+108 

— 14a?=_ — 14y+ 42 

A718. 2/*— 3y'-15y'+ 49y~ 12=0 
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Ex. 4. SabstitDte y+2 for x. 

6iC«= 5y'+40y'+ 1203^4- 16%+ 80 

-12a!'= -12y»- 72y'-144y-96 

3a!'= 3y»+ 12y+12 

4x= 4y+ 8 

-6= -_5 

Ans. 6p'+28^+ 51y'+ 32y— 1=0 

Ex. 5. Sabstitate y— 2 for x. 

aj'=y»-10y*+40j^- 80^*+ 80y- 32 

10a!*= 103^-80y+2403/*-320y+160 

42a!'= 42y'-252y'+504y-336 

86*'= 86y'-344y+344 

70aj= 70y-140 

12= 12 

Ans. ^ + 23^- 63^- 10y+ 8=0 

« • 

Abt. 445, Page 318. 

Ex.1. ' a!'=j^+62^+12y+ 8 

— 6a!*= -6y— 24y-24 
8x= 8y+16 

. -2= - - 2 

-47W. y* — 4y— 2=0 

Ex.2. aj«=y+162/'+ 96y'+256y+ 256 

-16a!'= -162/'-192y'-768y-1024 

-6a;= -6y- 24 

15= 1 5 

Ans. 1/" - 96y-518y- 777=0 

Ex. 3. Put x=y—3. 

a!'=2/'-15j^+ 90/-270y'+ 405y- 243 

15a!'= 152/*-180y'+810y'-1620y+1215 

12a!'= 12y-i082/'+ 324^^- 324 

-20af= - 20y>+ 120y- 180 

14aj= . 14y- ' 42 

-25= - 25 

Ans. 2/' - 78^+412^- 757y4- 401=0 
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Ex.4. Put a=y+2. 

-8aj»= ~8y*-48y»-96y—64: 

5= 5 

Arts, it -24y»-64y-.43=0 

Abt. 446, Page 319. 

Ex. 2. When a? =4, the first member of the equation reduces to 
— 6 ; and when a? =5, it reduces to +10. Hence there must 
be a root between 4 and 5 ; that is, 4 is the first figure of one 
of the roots. 

Ex.3. When aj=— 2,the expression reduces to — 4. 



s 



aj=--l. 


a a 


+ 9. 


aj= 0, 


a cc 


+ 8. 


»=+!, 


u u 


- 1. 


a=+2, 


u u 


-12. 


aj= + 3, 


iC u 


-19. 


a?=+4, 


cc cc 


-16. 


aj=+6, 


cc « . 


+ 3. 


Hence the initial figures of the roots are 






—1,0, and +4. 





Aet. 448, Page 321. 

Ex. 1. There are three variations of sign, and therefore three 

positive roots. 
Ex. 2. There is only one permanence, and therefore only one 

negative root. 

Ex. 3. There are three variations of sign, and therefore three 
positive roots. 

Aet. 450, Page 322. 

Ex. 2. 1st derivative, 4aj'-24aj'+28a?+4. 

2d " 12aj»-48a?+28. 

3d " 24a?-48. 

4th " 24. 
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Ex. 3. 1st derivative, 5a^ + 12a^ + 6aj'— 6aj- 2. 

2d " 20aj»+36aj»+12aj-6. 

3d " 60sc^+72x+12. 

4th " 1200?+ 72. 

5th « 120. 

Ex. 4. Tiaf-' + A(n-l)aJ— »+B(n-2)aJ— •+ . . . +T. 

Aet. 451, Page 323. 

Ex. 2. The first derivative is 30?*— 26aj+55. Find the greatest 
common divisor between this and the given polynomial. 



3af-39aj'+165aj-.225 
3aj*-26aj»+ 55aj 



3aj*--26a?+55 



a?, —13 



-13«»+110aj-225 
Multiply by 3, --39aj»+330aj-675 

-39a;'4-338a?-715 

- 8x+ 40 



3a?'-26a?+55 
3aj'-.16aj 



a?— 5 



3aj-.ll 



-llaj+55 
The greatest common divisor is a?— 5. 

Ex. 3. The first derivative is 3aj*--14aj+16. 



3af-21aj*+48a?-- 
3af— 14aj*+16aj 



36 



3aj«-14a?+16 



x,^7 



^ 7aj*+32a?— 36 
Multiply by 3, -21aj»+96aj-108 

-21aj«+98aj-.112 



— 2a; + 
3a;'-14aj+16 
3aj»— 6aj 



a?-2 



3aj-8 



— 8aj +16 
The greatest common divisor is a?— 2. 

Ex.4. The first derivative is 43?*— 12aj— 8. 



aj^^eaj*— 8a?-3 



aj»— Saj— 2 



X 



-3aj'-6aj-3 
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aj»+2aj+l 



aj-2 



-2aj'— 4a?— 2 
The greatest common divisor is »'+2aj+l or (aJ+1)*. Hence 
the equation has three roots equal to — 1. , 

Ex. 5. The first derivative is 3aj*— 6a;— 9. 



af^^8a^—9x+27 


aj«-2a?-3 


a?*— 2aj*-3a? 


a-1 


- a;*-6aj+27 

— a?'+2a?+ 3 




-8aj+24: . 
aj'-2aj— 3 


aj-3 


a^Sx 


x+1 



a?-3 
The greatest common divisor is a?— 3. Hence the equation 
has two roots, each equal to + 3. 

Ex.6. The first derivative is 3aj'+16aj+20. 



3a;»+24aj»+60aj+48 
3aj»+16aj*+20a? 



3aj«+16aj+20 



x,+l 



Multiply by f , 



8aj'+40aj+48 
3aj'+15aj+18 
3a;' + 16a? +20 

- a;— 2 

3a?'+16a?+20 
3a?'+ 6x 



x+2 



3a; +10 



10a?+20 
The greatest common divisor is a? +2. Hence the equation 
has two roots, each equal to —2. 



Ex.4. 



Abt. 458, Page 330. 

X=a?»-7a?+7, • 
Xi=3a?*-7, 
E=2a?-3, 
Ei=+1. 



u 


1 


iC 


u 


2 


i( 


a 


2 


cc 


iC 


8 


u 
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' When aj= +2,the signs are + + + +, giving no variations. 
x=+n, « - - +, 

x=+l, « + +, 

x=-S, " + + _ +, 

a!=-4, « - + -.+, 

Ex.6. X=2aJ'-20aj+19, 

X,=2a!»-6, • • 
R =15aj-19, 
R,=+3157. 

"When aj= — oc, the signs are H h> giving 2 variations. 

x=0, " H +, « 2 « 

«=+!, « + +, « 2 « 

aj=+li, « _ + + +,«! « 

, aj=+2, « + + + +,« « 

flj=+a, « + + + +," « 

Hence this equation has but two real roots. 

Ex. 6. X =«'+2a!*+3a!'+4flj'+5a!-20, 

Xi = 5a!*+ 8aj'+ 9a!»+ 8a!4-5, 

R = -7«»-21a!'-42a!+255, 

E,=— 13a!4-14, 

R,= -388,147. 
When x= — a, the signs are — + + H — , giving 2 variations. 
. a=0, « _ + + + _, 

a=+], " - + + + -. 

x=+2, « + + + . 

a=+a, /' + + -. 

Hence this equation has bnt one real root, and it is sitaated 
between 1 and 2. ' 

Ex.7. X =a!'+3a!'+5a!-178, 

Xi=3a!'+6a!+6, 
R = -4aj-f539, 
Ei=-884,579. 
When x= — a, the signs are — + -i — , giving 2 variations. 
»=0, « _ + + _, 
a!=+4, « _ + + _, 
x=+5, « + + + _, 
x=+<x, « + + , 



« 2 « 
« 2 " 



« 


2 


6C 


<< 


2 


U 


a 


1 


CC 


ii 


1 


CC 
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Hence this equation has but one leal root, and it is situated 
between 4 and 5. 
Ex. 8. X =a^-12a^+12x-8, 

X,=a?-6ic+3, 
R z=2af-Sx+l, 
Ei=17«-9, 
E3=+8. 

When 0?= — a, the signs ax6 H 1 — +, giving 4 variations. 

aj=-4, « +_ + _+, « 4 « 

x=-3, « + _+/«« 3 « 

aj=0, « _ + + _+,« 3 « 

aj=+^, « + + - +, « 2 « 

«=+!, « + +, « 1 "- 

«=+2, « __ + + +,«! « 

aj=+3, « + + + + +,« « 

»=+a, « + + + + +,« « 

Hence this equation has four real roots. 

Ex. 9. X =a5'-8aj'+14aj*+4a!-8, 

X^=af-6af+7x+l, 

B=5aj'-17a!+6, 

Ej=76aj-103, 

R,= +45,375. 

When.aj=— tt,the signs are H 1- — +, giving 4 variations. 

«=-!, « +_ + _+,«• 4 « 

a;=0, « _ + + _+,« 3 « 

«=+!, « 4- + __+,« 2 « 

a;=+2, « + + +, « 2 « 

a!=+3, « _ _ + +, « 1 « 

«=+5, « _ + + + +, « 1 

x=+6^ " + + + + +, « 

»=+«, « + + + + +,« « 

Hence this equation has four real roots. 

Abt. 459, Page 332. 

Ex. 1. When y=2, Eq. 2 reduces to a!+2— 5=0 or x=3. 
Wheny=3, « « «+3— 5=0 or «=2. 



u 

u 
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Ex. 2. When y=2, Eq. 1 reduces to flj+8aj— 18=0 or a?=2. 



When y=i, 



iC 



u 



X 



aj+g— 18=0ora?=16. 



Ex. 3. When y=l, Eq. 2 reduces to aj*— ic'+«— 3=0 or aj=3. 
Ex.4. Since oj— 2y=0, when y=l,a?=2; and when y=0,aj=0. 
Ex. 5. When aj=l, Eq. 2 reduces to ^+y=0. Whence 

y=0 or —1. 
When y = 1, Eq. 2 reduces to aj^— 5aj+ 6 = 0. Whence 

25 

iB»-5aj+^=i; 

aj=-§^=b^=3 or 2. 
Ex. 6. When y=2, Eq. 2 reduces to aj«+4aj=0. 

a?=0 or —4. 
When y=3,Eqjl reduces to 

af+Qsi?+%x+?> =0, 
and Eq. 2 reduces to a?' + 6a? + 5 = 0. 
Multiply (2) by a?, . aj»+ 63?"+ 5aj=0. 
Subtract (3) from (1), a? +5- =0. 

Hence a? ==—5. 



Whence 



(1) 

(2) 
(3) 



Ex.5. 



Ex.6. 



CHAPTER XXII. 
Aet. 464, Page 337. 



1-12+47-72+36 
1-11+36-36 
1_ 9+18 

1- 6 

1+2-7- 8+12 

i+a-4-12 

1+5+6 
1+3 

The fonr roots are 1, 2, —2, and —3. 
Ex.7. 1+0-55-30+504 

1+ 3-46-168 
1+10+24 
1+6 



1. 

2. 

3. 

6. 

1. 

2. 
-2. 
-3. 



+3. 

+7. 
-4. 
-6. 



The four roote are +3, +7,-4, and —6. 
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Ex.8. 1+0-25+60-36 1. 

1+1-24+36 2. 

1+3—18 3. 

1+6 -6. 

The four roota .are 1, 2, 3, and — 6. 

Ex.9. 1-1-1+19-42 2. 

1+1+1+21 -3. 

1-2+7 
Supplying the letters to the last coefficients, we have 

a!'-2a+7=0. 
Hence a?'— 2a!+l=— 6; 

a!=l±V'^. 
The four roots are therefore +2, —3, and 1±V— 6. 



Ex.10. 



+2. 
-2. 
-4. 



1+5+ 1-16-20-16 
1+7+15+14+8 
1+5+ 5+ 4 

1+1+1, . 
Supplying the letters, we have . 

Hence s(?+x+^=—%; 

a;=— i±^V^. 
The five roots therefore are +2, —2, —4, and 



-4±i-/^. 



1 



Aet. 467, Page 343. 

Ex. 2. Dividing the original equation by «— 3.21312, we obtain 

aj* + 14.21312a! -56.33154 = 0. 
Hence a!» + 14.2l312ar + 50.50320 = 106,83474 ; 

x=- 7.10656 ±10.33609 
=3.22953 or -17.44265. 

Ex. 4. Dividing the equation aj'+1.5«'— 425=0 by 

a?- 7.050256, - 
we obtain aj'+8.550256a?+ 60.281494=0, 

where q is negative, and greater than =^. See Art. 280. 
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Ex.7. 

1-15 +63 =+60 (7.39543- 

-8+7 49 

— 1 . 0=l8t divisor. 1= let dividend. 

+ 6.3 1.89 0.567 

6.6 3.87= 2d divisor. 0.433= 2d dividend. 
6.99 4.4991 0.404919 

7.08 5.1363= 3d divisor. 28081= 3d dividend. 
7.175 5.172175 25860875 

7.180 5.208076=4th div'r. 2220125= 4th dividend. 
7.1854 6.21094916 2084379664 

7.1858 6.21382348= 5th div'r. 135745336 = 6th div'd. 
Dividing the original equation by «— 7.39643, we obtain 

a!'-7.60457a!+ 6.76094=0. 
Hence aj'-7.60457aj+14.45737=7.69643 ; 

«!=8.80228± 2.77424 
=6.57652 or 1.02804. 

Ex. 8. Changing the signs of the alternate terms, we have 

as"- 9aj»+24a!=17. 
1-9 +24 =+17 (4.53209- 

-5 4. 16 

—1 0=lBt divisor. I=l8t dividend. 

+3.5 1.75 0.876 

4.0 3.76= 2d divisor. 0.125= 2d dividend. 

4.63 3.8859 0.116677 

4.56 4.0227= 3d divisor. 8423= 3d dividend. 

4.592 4.031884 . 8063768 

4,594 4.041072= 4th divisor. 359232=4th dividend. 
4.59609 4.0414856481 363733 

Dividing the above equation by 85—4.53209, we obtain 

a!'-4.46791aj + 3.75103 = 0. 
Hence a!»-4.4679laj+ 4.99055 =1.23952; 

ar= 2.23395 ±1.11334 
=3.34729 or 1.12061. 
Hence the roots of the original equation are . 
-1.12061, -3.34729, and -4.53209. 
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Ex, 9. 

1+0 +0 =48,228,544 (364 

3 9 27 

6 27= 1st divisor. 21228= 1st dividend. 

96 3276 19656 

102 8888= 2d divisor. 1572544= 2d dividend. 
1084 393136 1572544 

Ex.10. Let X denote the less number; then a; +2 wUl denote 
the greater. 
By the conditions, {a? + 2aj)(2a5 + 2) = 100 ; 

aj»+3»'+2a!=50. 
1+3 +2 =50 (2.77449 + 

5 12 24 

7 26= 1st divisor. 26=l«t ^vidend. 
9.7 32.79 22.953 

10.4 40.07= 2d divisor. 3.047= 2d dividend. 
11.17 40.8519 2.859633 

11.24 41.6387=3d div'r. 0.187367=3d dividend. 
11.314 41.683956 . 0.166735824 

11.318 41.729228 = 4th div. 0.020631176 =4th divid'd. 
11.3224 

The two numbers are 2.77449 and 4,77449. 
Ex. 11. Let x-\-Z and x—Z denote the two numbers. The dif- 
ference of their cubes is 18a!'+54. 
Hence 2a!(18a!»+54)=5000; 

a5'+3a;=138|. 
1+0 +3 138.888 (4.98571+ 

4 19 76 

8 51 = 1st divisor. 62.888 = Ist dividend. 
12.9 62.61 56.349 ■ 

13.8 75,03= 2d divisor. 6.539888= 2d dividend. 

14.78 76.2124 6.096992 

14.86 77.4012= 3d divisor. 0.442896= 3d dividend. 
14.945 77.476925 0.387379 

14.950 77.550675= 4th div'r. 55517= 4th dividend. 
14.9557 77.56114399 54292 

1225 
The two numbers are 7.98571 and 1.98571. 
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Ex. 12. Let x+2 and a?— 2 denote the two numbers. The sum 
of their cubes is 2a^+24a;, which equals 850. Hence 

aj»+12a:=425. 
1+0 +12 =425 (6.9874 

6 48 288 

12 120=lBt divisor. 137=l8t dividend. 

18.9 137.01 123.309 

19.8 154.83 = 2d divisor. 13.691 = 2d dividend. 

20.78 156.4924 12.519392 

20.86 158.1612 = 3d divisor. 1.171608 = 3d dividend. 
20.947 158.307829 1.108154803 

20.954 158.454507=4th divisor. 63453197=4th div'd. 
20.9614 158.46289156 63385156 

The required numbers are 4.9874 and 8.9874. 

Ex. 13. Let X denote the number of partners. 

Then lOx denotes what each partner contributed ; 
-- lOic* " the whole capital ; 
a? + 6 " the gain per cent. • 

The whole profit IS — ^^^ =392. 

Hence af'+Qixf= 3920 ; 

a?=14. 
Ex. 14. Let a? denote the second digit. 

Then 9— aj will denote the first digit, 

and aJ+3 " " the third digit. 

The product of the three digits is 27aj+6a^— aj*. 
Hence 27aj+6aj'-aj»+38(9-aj)=336. 

Therefore aj»-6aj»+llaj— 6=0. 

1-6+11-6 3. 

1-3+ 2 2. 

1-1 1, 

The roots of this equation are 1, 2, and 3. 

Ex. 15. Let X denote the number of merchants. 
25a; denotes what each contributed ; 
25aj' " " they together contributed ; 

25a?* +4775 denotes the entire stock. 

G 
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They gain x per cent. ; that is, 



25a^+4775a? 
100 



6a; denotes what each received ; 

6af " " they together received. 

„ 25aj*+ 4775a? aj'+lQla? 

Hence 6a:'+126= ^^^ = ^^ . 

Therefore aj» - 24a:» + 191aj = 504. 



1-24+191-504 
1-17+ 72 
1- 9 



7. 
8. 
9. 



The roots of this equation are 7, 8, and 9. 

Aet. 468, Page 347. 

Ex. 1. This equation can be resolved into two quadratic factors, 
viz., aj»-2aj-2=0, and aj»-6aj+4=0. 

The first of these equations gives 

x=l±Vs 
=2.7320508, or -0.7320508. 

The second of these equation^ gives 

X=SztV& 

=5.2360680, or 0.7639320. 



Ex.3. 




• 


. 


1+0 


-12 


+12 ^ 


=3 (2.858083. 


2 


- 8 


- 4 


-8 


4 





— 4=lst divisor. 


11= 1st dividend. 


6 


12 


+11.232 


8.9856 


8.8 


19.04 


32.608=2d divisor. 


2.0144 =2d dividend. 


9.6 


26.72 


34.388125 


1.71940625 


10.4 


35.04 


36.i96600=3ddivV. 


0.29499375=3d dividend. 


11.26 


35.6025 


36.491110112 


0.291928880896 


11.30 


36.1675 


36. 786450848 =4tlidiv' 


r. 3064869104 =4th div. 


11.35 


36.7350 


36.789411639 


2943152931 


11.408 


36.826264 


36.792372504=5tli div' 


r. 121716173 =5th div. 


11.416 


36.917592 






11.424 


37.008984 






11.43208 


37.0098985664 




11.43216 


37.0108131392 

• 





1+0 


-12 


+12 =3 


(0.606018. 


0.6 


-11.64 


+ 5.016 3.0096 


1.2 


-10.92 


— 1.536=l8t divisor. — 0.0096 =l8t dividend. 


1.8 


- 9.84 


- 1,694953384 


9569720304 


2.406 


- 9.826564 


- 1.653819936 =2ddiv'r. 


30279696 =2d dir. 


2.412 


- 9.811092 


- 1.653917901 


16539179 


2.418 


- 9.796684 


- 1.664016867=8d divV. 


137406 17 =3d dir. 


2.42401 


- 9.796559769S 


) 




2.42402 


- 9.7965365197 


» 




2.42403 








2.424048 






*• 


2.424056 









Divide a;*— 12a;'+12aj-3 by aj-2.858083, and we obtain 

aj'+2.858083a!'-3.831360aj+1.049654=0. 
Divide this equation by «— 0,606018, and we obtain 

a!'+3.464101a!-1.732052=0 ; 
from which we obtain 

a = - 1.732050 ± 2,175328 
= +0.443278, or -3.907378. 

Ex. 4. We may proceed with this equation in the usual way, 
or we may resolve it into the two quadratic factors 
a5«_4aj+-2=0, and ic*-12aj+29=0. 

The first equation gives us x=2dzV2 

=3.4142136, or 0.5857864. 

The second equation gives us x=:QdbV7 

= 8.6457513, or 3.3542487. 

Mrst Hoot. 



—620 

-400.471 

—295.684 

—204.910 

—202.840923 

—199.785742 

—197.244430 



Ex.5. 

1—20 +160 
- —19.1 -1-132.81 

—18.8 -fll6-48 

—17.3 +100.86 

—16.4 + 86.10 

—15.6 + 86.6369 

— 16.4T + 86.1727 

—15.44 + 847104 

—15.41 + 84.2490 

—15.38 + 84.187616 —196.234914960 

—15.35 + 84.126248 —196.184518342684 

—16.346 + 84.064896 —196.134127243536 

—16.342 + 84.003660 

—15.338 + 88.99436236 

—15.334+ 83.98516603 

—16.330 

^-15.8294 

—15.8288 



+806 
+445.6761 

+179.4605=l8t divisor. 
+173.89027231 . 
+167.39670005=:2d divisor. 
+166.609069331866 
+166.822784638680=8d div. 



=407 (0.934684+ 

401.01849 



6.9815l=lst dividend. 
S.2017081698 
0.7798018307=2d divU 
0.666436277827424 
0.113366553372576=3d d. 
0.099423044853604 



—196.907679536 +165.706073922674 

—196.671174544 +166.587893446328==4th div. 0.013942509018972=4th d. 
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Second Boot 



1—20 


+180 


-620 


+806 =407 (3.808423+ 


—17 


+ 99 


—223 


+137 411 


—14 


+ 57 


— 62 


— 19=lBt diyiflor. — 4=lBt diyidend. 


—11 


+ 24 


+ 20 


— 13.1269 8.93807 


— 8 





+ 19.677 


— 7.4996=2d divisor. 0.06193=2d diyidend. 


— 6 


— 1.41 


+ 18.768 


— 7.369268187904 0.058874145503232 


— 4.7 


— 2.73 


+ 17.670 


— 7.219366347520=3d div. 0.003055854496768=3d dir. 


— 44 


— 8.96 


+ 17.628976612 


— 4.1 


— 6.10 


+ 17.487730048 


— 8.8 


— 6.127986 




— 8.5 


— 6.166808 




— 8.49S 


1 






— S.484 












Third Boot. 


1—20 


+160 


—620 


+806 =407 (3.824326 


—IT 


+ 99 


—223 


+187 411 


—14 


+ 67 


— 62 


— 19=l8t divisor. — 4=lBt dividend. 


—11 


+ 24 


+ 20 


— 6.1604 -4.12032 


— 8 





+ 17.812 


+ 48080=2d divisor. 0.12032=2d dividend. 


— 6 


— 8.36 


+ 12.443 


+ 492265216 0.0984510432 


— 43 


— 6.08 


+ 6.920 


+ 6.03324880-3d divisor. 0.0218689668=3d dividend. 


— 3.4 


— ai6 


+ 6.727608 


+ 5.054460646656 0.0202178426 


— 2.6 


— 9.60 


+ 6.634832 


+ 6.076617562880=4th div'r. 0.0016511142=4th dividend 


— 1.8 


— 9.6196 + 6.341680 




— 1.0 


— 9.6888 + 6.302961664 


— 0.»8 


— 9.6676+ 6.264229066 


— 0.96 


— 9.6760 






— 0.M 


— 9.679684 


_ 


— 0.92 


— 9.683162 




— 0.90 








— 0.89C 


; 






— 0.892 


1 




Fourth Boot. 


1-20 


+160 


-620 


+806 =407 (4379508 


—16 


+ 86 


—176 


+102 408 


—12 


+ 38 


— 24 


+ 6=l8t divisor. — l=l8t dividend. 


— 8 


+ « 





+ 0.0096. +0.00768 


— 4 


— 10 


— 7.488 


— 11.1520=2d divisor. — 1.00768=2d dividend. 


+ 0.8 


— 9.36 


— 13.952 


— 12.48984399 0.8742890793 


+ 1.6 


— 8.08 


— 18.880 


— 13.84261195=3d divisor. 0.1333909207=3d dividend. 


+ 2.4 


— 6.16 


— 19.112067 


— 1401834041 0.1261650637 


+ 8.2 


— 8.60 


— 19.323828 


- 1419435942=4th divisor. 0.0072268670=4tli dividend. 


+ 407 


— 8.3161 — 19.614070 




+ 414 


— 8.0263 — 19.636495021 


+ 421 


- 2.7306 — 19.657668034 


+ 428 


— 2.431C 


) 




+ 4869 


— 2.391769 




+ 4868 


— 2.862467 
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Fifth Boot. 



1—20 


+160 


-«20 


+806 


==407 (7.068068 


—13 


+ 69 


-107 


+ BT 


899 


— 6 


+ 1T 


+.12 


+141=l8t diviBor. 


8— l8t dividend. 


+ 1 


+ 24 


+180 


+150.20188125 


7.6100940625 


+ 8 


+ 80 


+184.037625 169.6076S125=2d diY*r. 0.4899069876=2d dividend. 


+15.05 


+ 80.T525 


+188.118000 160.18496763 


0.4805648729 


+15.10 


+ 81.5076 


+192.226260 160.76313207=3d diy*r. 0.0098610646=8d dividend. 


+15.16 


+ 82.2660 


• +192.476462277 




+15.20 


+ 83.0260 


+192.724811868 




+15.268 


+ 83.070769 






+15.266 


+ 83.116627 






Ex.6. 












1+0 


+0 


+0 


18889609776 (368 




8 


9 


27 


81 




6 


27 


108=let diviflor. 


1023966c=lst dividend. 




9 


64 


144986 


869616 




126 


6166 


186624=2d divisor 


1643499776=2d dividend. 




133 


6948 


192987478 


1643499776 




188 


7776 








1448 789184 






Ex. 7. 










1+0 


+0 


+0 


+0 


26286674882648 (488 


4 


16 


64 


266 


1024 


8 


48 


266 


1280=lst divisor. 


160466748=lBt dividend. 


12 


96 


640 


19060496 


162408968 


16 


160 


781312 


266420S0=2d divisor. 


8062780e2643=2d dividend. 


208 


17664 


936448 


868769860681 


806278068648 


216 


19392 


1106920 






824 


21184 1112863627 






2S3 


^040 




r 


• 


2403 


2311209 









Ex. 8. Let X denote the first digit; then 9—* will denote the 
second, 10— as the third, and 11— a; the fourth digit 
Hence 

990aj-299a!'+30a!«-a!'+36(10aJr-a!')=3024-300i)j. 

Therefore a^-SOaf + 335a!'-1650a!+ 3024 = 0. 



l_30+335-1650+3024 
1-24+191- 504 
1-17+ 72 
1- 9 



6. 

7. 
8. 
9. 



Hence the value of x is either 6, 7, 8, or 9. 



Ex.3. 



Abt. 469, Pagb 351. 
y*_9r^_10 



A= 



-3r'+9. 



ISO KEY TO TREATISE ON 'ALGEBRA. 

S uppose x=3y A = 0.5 nearly. 

Suppose aj=3.5, 

-2775 ^"" nearly. 
Suppose a? =3.45, 

^ 0.013625 ^^^^^ 
= -,26 7075 "^ —0.0005 nearly. 

Suppose a? =3.4495, 

, 0.000273837 ^^^^^^^o 
^= -^26.6971507 = -Q'QQQQ^Q^ 
Hence a? =3.4494897. 

- . , r'+9r»+4r— 80 
•■^4. A= 5~5 — T^ 1~. 

Suppose a?=2, A= +0.5 nearly. 

Suppose a? =2.5, A= —0.028 nearly. 

Suppose a? =2.472, 

^^009086 __ 

'^•-"66.828352""^-"^^^^^^- 
Hence a?= 2.4721359. 

Aet. 470, Page 352. 

Ex. 2. Assume aj=5 ; the result is —10. Hence 5 is too small. 
Assume aj= 6 ; the result is + 80. Hence 6 is too large, and 

is about 8 times as much too large as 5 is too small. 
Assume a? =5.1; the result is —2.629. Hence 5.1 is too 

small. 
Assume aj=5.2; the result is +5.088. 
Then 7.717 : 0.1 : : 2.629 : 0.034. 

Hence a?= 5.134 nearly. 

Assume aj= 5.134 ; the result is —0.044342, a little too small 
Assume aj=5.135 ; the result is +0.032285. 
Then 0.076627 : 0.001 : : 0.044342 : 0.000579. 
Hence aj= 5.134579 nearly. 

Ex. 3. Assume a? =10; the result is —1050. Hence 10 is too 

small. 
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Assume a;=ll ; tlie result is +3453. Hence 11 is too great, 
and is about three times as much too gi'eat as 10 is too 
small. 

Assume aj= 10.25 ; the result is —45.8086. Hence 10.25 is 
too small. 

Assume aj= 10.26; the result is —4.0352. 

Then 41.7734 : 0.01 : : 4.0352 : 0.000965. 

Hence a?= 10.260965 nearly. 

Ex. 4. Assume x=zl: the result is —1. Hence 1 is a little too 

small. 
Assume a5=l.l ; the result is +0.83. Hence 1.1 is a little 

too great 
Assume aj=1.05; the result is —0.16945. Hence 1.05 is 

too small. 
Assume aj=1.06; the result is +0.01689. Hence 1.06 is 

a little too great. 
Assume a? =1.059 ; the result is —0.00206. 
Then 0.01895 : 0.001 : : 0.00206 : 0.000109. 
Hence a?=1.059109 nearly. 
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EXAMPLES FOR PRACTICE. 

EQUATIONS OF THE FIBST DEGBEE WITH ONE UNKNOWN 

- QUANTITY, PAGE 856. 

Tflj Sx 
Ex.1. UnitiDg terms, ll^+3x—-^=-j^. 

Clearing of fractions, 

279+72aj-56aj=18a;. 
Hence 2a: =279; 

a =139^. 

Ex.2. 2ax+19db-10a'=hx+7h\ 

Transposing, 

• {2a^b)x=10a'^19ab+7b'={5a^7h){2a^l). 

Reducing, cc=5a— 75. 

Ex. 3. Clearing of fractions, 

28-10-2ic=14-9+cc. 
Uniting terms, 3aJ= 13 ; 

x=ii. 
Ex. 4. Clearing of fractions, 

abm+ix=dbn—abp—ax. 
Transposing, ax+bx= <ib{n —jp — m). 

Hence cc= -j^ . 

a+b 

Ex. 5. Multiply by 120, 

16cc~24-24a;+54=32a:-108-80a;+405-27. 
Uniting terms, 40a; = 240 ; 

aj=6. 

Ex. 6. Divide both sides by a'+flj'J+flj6*+5', and we have 

a—b 

X 

Hence x=a— &. 

Ex.7. Suppress a—b both in the numerator and denominator 
of the first fraction. 

a'+a*5+ai'+i'-a'a;-5»=2a»5+a*'. 
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i' 

Uniting termB, dfx = a* — a' J. 

Eeducing, a;=a— J. 

Ex. 8. Multiply by 40, 

24x- 28x+ SOj?- 35x= - 600. 
Uniting terms, 9cc = 600 ; 

a;=66|. 

Ex. 9. Clearing of fractions, 

92»=lla;+535-.40x-74. 
Uniting terms, 12ix= 461 ; 

Ex.10. 3a + a;— 5a; =6. 

Transposing, 4a;=3a— 6. 

Ex.11. Clearing of fractions, 

3ac+ca5=3a'+flaj+am— wix. 
Transposing, «c— aa;+wicc=a(77i— 3(j+3a); 

. g(m— 3^+3g) 

Ex. 12. Clearing of fractions, 

14-28x-28+35a;=-13. 
Uniting terms, 7a; = 1 ; 

Ex.13. mw— ma;— wa;+a5'=j?a5— j^j'+a;'— ^x. 

Transposing, ttw: + nx +jpx — yx = tti/i +j[>q ; 

Ex. 14. Clearing of fractions, 

24a^— 84aj+112a?— 392=24aj»— 88aJ+126a;-462. 
Eeducing, 10a: = 70 ; 

a;=7. 
Ex.15. Clearing of fractions, 

dex=ade+bce+cjx. 
Transposing, dex—cjx=e{ad+ic) ; 

e(ad-\- he) 



x=- 



de—cf ' 
G2 
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Ex. 16. Clearing of fractions, 

Transposing, cx—adx=ac—3a^bc ; 



x= 



c—ad 



Ex*. 17. Expanding, 

64-480? + 9a^+ 16-32ir +16j?'= 81 - 90a?+ 25a?». 

Keducing, 10a?=l; 

j?-16 1 
Ex. 18. Uniting terms, i^^_q^ = 24- 

Clearing of fractions, 

24a?-384=177-9a?. 
Uniting terms, 33j?= 561 ; 

a?=17. 

Ex.19. Uniting terms, 

9a?+10 12 1_73 
llj?-12""13"'"5""65' 
Clearing of fractions, 

585a?+650=803^-876. 
Uniting terms, 218a:= 1526 ; 

x=7. 

Ex.20. Since (3-4a?)(7— 8a?)=21— 52ar+32a?^,we have 
21-66a?+48a;'-45+114a?-72a?'=8-24a?'. 
Keducing, 48j?=32; 

x=%. 



PBOBLEMS mVOLVmG EQUATIONS OP THE FIBST DEGREE WTTH 

ONE UNKNOWN QUANTTTY, PAGE 867. 

s 

Prob. 1. Let x denote the required period. 

By the conditions, 

50— a?=27-a:+24-a:+19-a?+16-.a?=86— 4ir. 
Beducing, So? = 36 ; 

a? =12. 
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Prob. 2. Let x denote the distance from D to E. 
By the conditions, 

27+a:=8+a;+5+aj+a=13+3ic. 
Reducing, 2a? = 14 ; 

a?=7. 

Prob. 3. Let x denote the distance from B to 0. 
By the conditions, 

8(37+aj)+6a?=ll(34-aj)+9(48-aj). 
Eeducing, 296+8a?+6aj=374-llaj+432-9a?. 
Uniting terms, 34a;=510'; 

a?=15, 
Prob. 4. Let x denote the number of minutes supposed. 

-H- will denote the number of qts. received in the first case; 

52aj 

-^ " " " " the second case. 

-o .1. ^... 20aj ,^ 52aj ^^ 

By the conditions, -q-+40=-t— 72. 

Clearing of fractions, 

100a?+600=156»-1080. 

Eeducing, 56aj = 1680 ; 

a? =30 minutes; 

20a? ,^ ^,^ , . ^ , 

-5- +40 =240 quarts, the capacity of the reservoir. 

Prob. 5. Let x denote the excess above 888 cubic feet in the 

first casa 

-D .1, ^•.- 888+aj 888-3? 
By the conditions, — irr — = — -^ — . 

Clearing of fractions, 

7548+8^=8880-10a?. 
Uniting terms, 18^a?=1332; 

a?=72; 

888-72=816 cubic feet. 

Prob. 6. The discount is 670 + 980-1594.41 =$55.59. 
4| per cent, per year is -nr of one per cent, per month. 
Let X denote the number of months required. 
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By the conditions, 

Eeducing, 268(te+3920aj+17,640=65,590. 
Uniting terms, 6600aj=37,950; 

Frob. 7. Let x denote the loss per cent 

in, * * t, u J * -1 • 3600 8200 
Ine cost of a hosshead of oil is tt^s-, or -rrrr: — . 

36 32 ^^^ ^^^-* 
Hence 



or 



108"" 100 -aj' 
1 32 



3-100-a;- 
Clearing of fractions, 100— aj=96 ; 

x=4t per cent. loss. 

Prob. 8. Let x denote the gain per cent. 

The cost of a bag of coffee is -q^t", or TTtTrr"* 

,, 4150 ^^' ^^^+* 

s^"«« *^=ioo+^- 

CleariDg of fractions, 

400+4a?=415; 
aj=3| per cent, ffain. 

Prob. 9. Let x denote the number of months required. 
By the conditions, 

2007 X 5 + 3395 x 7+ 6740 x 13=12,142a?. 
Uniting terms, 12,14:2aj=121,420. 
Hence aj=10. 

Prob. 10. Let x denote the amount of the third sum. 
By the conditions, 

1013 X 3^+431 X 7i+lHa;=(1444+a;)6^. 
Eeducing, 3545^+3232^+11^=9025 + 6^0:. 
Uniting terms, 6:|^a;=2247; 

a;=428. 

Prob. 11. Let x denote the quantity of the better sort 
Then will 64— a denote the quantity of the poorer sort 
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By the conditions, 

4:0ic +24(64—0;) =64 x 34. 
Expanding, 40cc + 1536 — 24x = 2176. 
Uniting terms, 1 6a; = 640 ; 

03=40. 

Prob. 12. Let x denote the number of hogsheads of water. 
He wishes to sell his vinegar at 4 cents per quart, or $4.80 

per hogshead. 
By the conditions, 

(29i+a;)^=29^x 6=177. 
Eeducing, 2^+x=^^=^^. 

Clearing of fractions, 

236+8a:=295; 
a:=7f. 

Prob. 13. Let x denote tlie pounds of copper added. 
The 94J pounds of the compound contain 54 pounds of cop- 
per, and 40^ of silver. . 
By the conditions, 54 + a; : 40^ : : 7 : 2. 
Hence 108+2cc=283i; 

a;=87|. 

Prob. 14. The 255 pounds. of spirit contain 102 pounds of water 
and 153 of alcohol. 
Let X denote the pounds of water to be extracted. 
By the conditions, i02— x : 153 : : 3 : 17, 
or 102— ir:9::3:l. 

Hence 102-x=27; 

a;=75. 

Prob. 15. Let x denote the required number. 
By the conditions, 

(52-a;)(45-a;)=(66-a;)(37-ir). 
Expanding, 2340— 97a;+a;'=2442-103a;+a;'. 
Uniting terms, 6a: = 1 02 ; 

a;=17. 
Prob. 16. By the conditions, 

a;'-1188=(a;-6y=aj»-12a;+36. 
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TJniting terms, 12a; = 1224 ; 

x=102. 
Prob. 17. Let x denote the number of dollars on a side of the 
square in the first case. 
By the conditions, 

a;'-25 = (a;-.2)»+31. 
Bedacing, 4a; = 60 ; 

a!;=15. 
15»-26=200,47W. 
Prob. 18. Let 7a? denote the number of plants on the longer 
side in the first case ; 
then will 5x denote the number of plants on the shorter side 
• in the first case. 
By the conditions, 

35aj»+2832=(7a?+14)(5aj+10)+172 
=35a?'+140aj+140+172. 
Eeducing, 140a; =2520; 

a;=18; 
7aj=126,and5a;=90. 
126 X 90+2832=14,172, Ana. 
Prob. 19. Let x denote the number of pounds of powder. 

2x ' 

-Q-+10=the nitre; 
o 

X 

j^ — 4-^ = the sulphur ; 

2a;+30 « , , , 

— ^Y — "" 2 = the charcoal. 

„ 2aj a? 2aj+30 • , 

Hence "3""^6"' — 21 — +^7=^- 

Multiply by 42, 

28a?+7a?+4aj+60+147=42aj. 
Uniting terms, 3aj = 207 ; 

a? =69. 
Prob. 20. Let 3a;, 4a:, and 5a; denote the three numbers. 
By the conditions, 

15a;+16a;+15a;=690. 
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Uniting terms, 46x=690 ; 

a:=16. 
Prob. 21. Let cc— 1 denote the first part. 
Then will x— 2 " the second part, 
x+3 " the third part, 

■g " the fourth part, 

6x " the fifth part. 
By the conditions, 8:ia;=165 ; 

a;=20. 
Prob. 22. Let x denote the rate slI which the criminal traveled. 
Then will x+S denote the rate at which his pursuers trav- 
eled. 
By the conditions, 

(8 + 2|)(x+8)=(10 + 8-2|)x. 
Eedncing, 10|(ic+ 3) =15|a:. 

By division, 2(x + 3) = 3ic ; 

x=Q miles per hour.* 
The criminal has 60 miles' start, which would be gained in 
•^=20 hours. 

Prob. 23. Let x denote the required distance. 

X 

- denotes the number of revolutions of the fore wheel ; 

f « " " the hind wheel. 

o 

X X 

By the conditions, — A~^' 

Clearing of fractions, 

bx—ax=abni 

ahn 

4 

Prob. 24. Let x denote the time required. 

In one hour the first pipe will furnish -, the second j. etc. 

T^ t ^. . 11111 

By the conditions, -+^+-+^=-. 
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' 


Clearing of fractions, 




ai(X3c+ai€h'\-acdx+b€dx=iabod; 




ahnd 




dbc+dbd+acd+hcd' 


BQUATIONfl OF THE FIE8T DEGEEE WITH SEVERAL 


UNKNOWN 


QUANTmES, PAGE 360. 




Ex. 1. Clearing of fractions, we have 




6a:+5y=540; 


(1) 


2ic-y=84. 


(2) 


Multiply (2) by 3, 6x-3y=252. 


(3) 


Subtract (3) from (1), 8y=288. 




Hence y=36. 




From Eq. (2), 2x=84+36=120. 




Hence a; =60. 




Ex. 2. Clearing of fractions, and uniting terms, 




cc+5y=48; 


(1) 


7aj+y=132. 


(2) 


Multiply (1) by 7, 7ic+35y=336. 


(3) 


Subtract (2) from (3), 34y=204. 




Hence y=6. 




From Eq. (1), ^=48-30=18. 




Ex. 3. Clearing of fractions. 




3ic+2y=6; 


(1) 


4a?+3y-12. 


(2) 


Multiply (1) by 3, 9a?+ 6y =18. 


(3) 


Multiply (2) by 2, 8aj+ 6^=24. 


(4) 


Subtract (4) from (3), x= - 6. 




From Eq. (1), 2y=6+18=24. 




Hence y=12. 




Ex. 4. Clearing of fractions. 




lla;+y=781; 


(1) 


13y-a;=793. 


(2) 


Multiply (2) by 11, 143y-llaj=8723. 


(3) 


Add (1) to (3), 144y=9604. 




Hence y=66. 




From Eq. (2), aj=858-. 793=65. 
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Ex. 5. Clearing of fractions, and uniting terms, 

81y-14a?=:25; (1) 

a?=4y. (2) 

Substitute (2) in (1), 81y-56y=25. 
Hence y = 1 and a? = 4. 

Ex. 6. Clearing of fractions, and reducing, we have 

llx=7y] (1) 

8x=l+5y. (2) 

Multiply (1) by 5, 55aj= 35y. (3) 

Multiply (2) by 7, 56aj=7+35y. (4) 

Subtract (3) from (4), x = 7. 
From Eq.(2), 6^=56-1=55. 

Hence y=ll. 

M=2. (2) 

Subtract (2) from (1), |^ = - 1- 
Hence y=— 25. 

From Eq. (1), -=1 + 2=3. 

Hence x=Sa. 

Ex. 8. Adding the two equations, we have 

2aj 1 1 2a 



:=:rrT+r— T= 



a+b a+b a-^b a^^b^' 

Hence a?= r. 

a—o 

Subtracting the first equation from the second, we have 

2y 1 _ 1 Qb 

a—b" a—b~~ a+b^ a^—b^ 



Hence y^ 



a+6* 
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Ex. 9. Clearing of fractions, and uniting terms, we have 

llaj- 27y=- 30; (1) 

9aj- 2y= 96. (2) 

Multiply (I) by 9, 99aj-243y=- 270. (3) 

Multiply (2) by 11, 99a?- 22y= 1056. (4) 

Subtract (3) from (4), 221y= 1326. 
Hence y=6. 

From Eq. (2), 9a?=96+12=108. 

Hence a? =12. 

Ex.10. Uniting terms, we have from the first equation 

3a?~6y 3 
2aj-8 """2* 
Clearing of fractions, 

6aj— 12y=-6aj+24. 
Transposing, 12aj=12y+24. 

Hence x=y+2. (1) 

Also, from the second equation, 

Sy+5x 
4y-6 --^• 
Clearing of fractions, 

3y+5aj=12y— 18. 
Hence 5aj=9y-18. (2) 

Substituting Eq. (1) in (2), 

5y+10=9j(-18. 
Hence 4^=28. 

Therefore y = 7 and a? = 9. 

Ex.11. Add the three equations together, and divide by 2. 

-+|+?=6. (4) 

Subtract (1) from (4), 

-=2, whence s=2c. 
Subtract (2) from (4), 

1=2, whence y=2b. 
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Subtract (3) from (4), 

Ex.12. Multiply (3) by 6, 12a!+6y+ 363= 276. (i) 
Add (4) to (1), nx + 40a= 291. (5) 

Multiply (3) by 4, 8a!+4y+ 24s = 184. (6) 

Subtract (2) from (6), a + 27s= 165. (7) 
Multiply (7) by 17, 17aj +4593=2805. (8) 

Subtract (3) from (8), 4193=2514. 
Hence s=6. 

From Eq. (7), a? = 165 - 162 = 3. 

From Eq. (3), y=46-6-36=4. 

Ex. 13. Clearing of fractions, and transposing, we have 

x+ 4y= 21; (1) 

2aj+ 33= 27; (2) 

2y+153=128. (3) 

Multiply (1) by 2, 2x+ 8y= 42. (4) 

Subtract (2) from (4), 8y- Sz= 15. (5) 

Multiply (5) by 5, 40y-153= 75. (6) 

Add (3) to (6), 42y=203. 

Hence y=-^=4J. 

From Eq. (1), a;=21- Y=f • 

From Eq. (2), 33=27- Y=V. 

Hence 3=-V=7f. 

Ex. 14. Multiply (1) by 5, 5aJ+5y+ 53= 25. (4) 

Add (2) to (4), 8x + 123= 100. (5) 

Multiply (5) by 9, 72* +1083= 900. (6) 

Multiply (3) by 8, 72a; - 883= -80. (7) 

Subtract (7) from (6), 1963=980. 
Hence 3=5. 

From Eq. (5), 8aJ=100-60=40. 

Hence aj=5. 

FromEq.(l), y=5-5-5=-5. 

Ex. 15. Add together the three equations, and we have 

14a!=14 or a!=l. 
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SnbBtitutmg in Eq. (2), 2y-3a= — 5. (4) 

Substituting in Eq. (3), Zy— s= 3. (5) 

Multiply (5) by 3, 9y-3s= 9. (6) 

Subtract (4) from (6), 7y=14. 
Hence y=2. 

From Eq. 3, «=4+6-7=3. 

Ex. 16. Multiply (1) by 2, 2aj-4y+ 6^=12. (4) 

Subtract (4) from (2), 7y —103= 8. (5) 

Multiply (1) by 3, 3a!-6y+ 9^=18. (6) 

Subtract (6) from (3), 4y— 43= 8. (7) 

Hence y— 3= 2. (8) 

Multiply (8) by 7, 1y- 73=14. (9) 

Subtract (5) from (9), 33=6. 
Hence 3=2. 

FromEq.(8), y=2+2=4. 

FromEq.(l), aj=6+8-6=8. 

Ex.17. Multiply (1) by 7, 49«- 21y= 7. (5) 

Multiply (2) by 3, 123- 21y= 3. (6) 

Subfa»ct (6) from (5), 49a!- 123= 4. (7) 

Multiply (4) by 7, 133a;- 21«= 7. (8) 

Multiply (3) by 3, 333- 21«= 3. (9) 

Subb»ct (9) from (8), 133a!- 333= 4. (10) 

Multiply (10) by 12, 1596a!-3963= 48. (11) 

Multiply (7) by 33, 1617a!-3963=132. (12) 

Subtract (11) from (12), 21a!=84. 
Hence a!=4. 

FromEq.(l), 3y=28-i=27. 

Hence y=9. 

FromEq.(2), 43=63+1=64. 

Hence 3=16. 

From Eq. (4), 3« = 76 - 1 = 75. 

Hence u=25. 

Ex. 18. Multiply (2) by 5, 10aJ+15y=195. (5) 

Multiply (3) by 2, 10a!-143= 22. (6) 

Subtract (6) from (5), 15y+143=173. (7) 

Multiply (7) by 3, 45y+42s=519. (8) 

Multiply (4) by 14, 56y+423=574. (9) 



TiryAMPT.Tiia k>B FSAOTIGB. 



165 



Subtract (8) from (9), lly=55. 



Hence 

From Eq. (1), 
Hence 

From Eq. (2), 
Hence 

From Eq. (4), 
Hence 



y=5. 
3t«=2+10=12. 

2«=39-15=24. 

fl!=12. 

3^=4:1-20=21. 

s=7. 



Ex.19. Add (1) to (3), 4m- 3y+2s= 43. 
Subtract (2) from (5), 4u- 7y = 29. 
Multiply (6) by 3, 12m -21y = 87. 
Multiply (4) by 4, 12t*+20y =128. 
Subtract (7) from (8), 41y=41. 



(5) 
(6) 
(7) 
(8) 



Hence 

From Eq. (4), 
Hence 
From Eq. (2) 
Hence 

From Eq. (3), 
Hence 



y=l. 

3t<=32-5=27. 

«=9. 
22=14-4=10. 

. «=5. 
2a:=36-30=6. 

iB=3. 

Ex. 20. Clearing of fractions, 

20a; + 33y= 1,260 
11405+1452= 9,510 
3282+385^=41,496 
710tt+ 801a! =75,150. 
Multiply (2) by 328, 37,392a!+47,5602= 
Multiply (3) by 145, 47,5602+55,825«= 
Subtract (5) from (6), 55,825tt-37,392aj= 
Multiply (7) by 142, 

7,927,150 w- 5,309,664a! = 411,464,880. 
Multiply (4) by 11,165, 

7,927,150«+8,943,165a!=839,049,750. 
Subtract '8) from (9), 14,252,829a! = 427,684,870. 

Hence a! =30. 

From Eq. (1), S3y = 1260 - 600 = 660. 
Hence y=20. 



3,119,280. 
6,016,920. 
2,897,640. 



(1) 
(2) 
(3) 

(4) 
(5) 
(6) 
(7) 

(8) 

(9) 
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From Eq. (2), 145s = 9510 - 3420 = 6090. 
Hence s=42. 

From Eq. (3), 385tt=41,496-13,776=2r,720. 
Hence t*=72. 

Ex. 21. Multiply (4) by 3, 

15s + 12m + 6t>- 6aj= 9. (6) 
Multiply (5) by 2, -4y+ 12«- 6»+ 8aj= 12. (7) 
Add (6) to (7), 163+ 24m- 4y+ 2a!= 21. (8) 

Add (1) to (5), 7iB- 6y+ 3s = 17. (9) 

Add (3) to (4), -2x+ 10y+ 2s + 7t«= 5. (10) 

Sx- 5y+ 2s— 4m= 11. (2) 
Multiply (9) by 2, 14aj- 12y+ 6s = 34. (11) 

Multiply (10) by 3, -6x+ SOy+ 6s +21%= 15. (12) 
Subtract (12) from (13), 

20a!- 42y- 21t« = 19. (13) 

Multiply (9) by 5, 35a!- 30y+ los = 85. (14) 

Subtract (8) from (14), 

33aj- 26y- 24m = 64. (15) 

Subtract (10) from (2), 5a!- 15y- 11m = 6. (16) 

Multiply (16) by 33, 165a!-^495y -363m = 198. (17) 

Multiply (15) by 5, 165a;-130y-120tt = 320. (18) 

Subtract (17) from (18), 365y+243« =122. (19) 

Multiply (16) by 4, 20a!— 60y - 44t« = 24, (20) 

Subtract (13) from (20), —18y— 23m = 5. (21) 

Multiply (19) by 23, 8395y+ 5589m =2806. (22) 

Multiply (21) by 243, -4374y -5589m =1215. (23) 

Add (22) to (23), 4021y • =4021. 

Hence y=l. 

From Eq. (21), 23«=-18-5=-23. 
Hence «=— 1. 

From Eq. (16), 6aJ = 6 + 15 - 11 = 10. 
Hence a! =2. 

From Eq. (2), 2s=ll-6+5-4=6. 
Hence s=3. 

From Eq. (4), 2v=3-15+4+4= -4. 

V--2. 
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FBOBLEMS INVOLVmO EQUATIONS OF THE FIEBT DEQEEE WITH 
SEVERAL UNKNOWN QUANTITIES, PAGE 363. 

Prob. 1. Let x and y denote the two sums of money. 
By the conditions, i^+ioO~ 284.40; (1) 

^+1^= 279.90. (2) 

Clearing of fractions, 10jb+ 9y= 56,880; (3) 

9aj+10y=55,980. (4) 

Add (3) to (4), and divide by 19, x+ y= 6,940. (5) 

Multiply (5) by 9, 9a! + 9y= 53,460. (6) 

Subtract (6) from (4), 3^=2520 and »=3420. 

Frob. 2. Let x denote the left-hand digit, and y the right-hand 
digit 
By the conditions, 

lOas-f- y=3(«-|-y); (1) 

30a!-h3y=(iB-t-y)'=9(aJ-|-y). (2) 

FromEq.(2), «-J-y= 9. (3) 

Substitute (3) in<l), 9a!+9=27. 

Hence aj=2 and y=7. 

Frob. 3. Let x and y denote the cost of the two bales. 
By the conditions, "i^+lof =^^'^•62; (1) 

W+l^=-9^2.37. (2) 

Clearing of fractions, and reducing, we have 

73a;-f- 71y=79,010; (3) 

71a; -1- 73y= 79,390. (4) 

Add (3) to (4), and reduce, x+ y= 1,100. (5) 

Multiply (5) by 71, 71a:-l- 71y=78,100. (6) 

Subtract (6) from (4), 2y= 1,290. 

Hence y=645 anda!=455. 
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Prob. 4. Let x denote the rate of A, and y that of B. 
By the conditions, — ^ '^ =Hi (1) 

x+y -^^- ^"^^ 

Clearing of fractions, and transposing, we have 

95aj+ 49y= 460; (3) 

4:5x+ 91y= 460. (4) 

Subtract (4) from (3), and divide by 2, 

25aj- 21y= 0. (5) 

Multiply (4) by 5, 225aj+455y=2300. (6) 

Multiply (5) by 9, 225aJ-189y= 0. (7) 

Subtract (7) from (6), 644y = 2300. 
Hence 7y=25; 

y=3^. 
FromEq.(5), 25aj=75. 

Hence x=3. 

Prob. 5. Let x denote the carats of the first mass, and y of the 
second. 
By the conditions, 10aJ+ 5y=ll(10 + 5) =165; (1) 

7iaJ+Uy=10(7^+H)= 90. (2) 
Divide (2) by H, 5x+ y= 60. (3) 

Multiply (3) by 2, 10a?+ 2y=120. (4) 

Subtract (4) from (1), 3y= 45. 

Hence 2/ =15. 

From Eq. (3), 5a?=60-15=45. 

Hence a? =9. 

Prob. 6, Let x denote the number of oxen, and y the number 
of days the provender will last. Then xy will denote the 
days the provender would last one ox. 
By the conditions, (a?— 75)(y+20)=ajy; (1) 

(aj+100)(2/-.15)=a?2^. (2) 

Eeducing (1), 4aj-15y= 300. (3) 

Eeducing(2), 3a?-20y=-. 300. (4) 

Multiply (3) by 3, 12a?-45y= 900. (5) 

Multiply (4) by 4, 12ic-80y= --1200. (6) 
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Subtract (6) from (5), 35y = 2100. 
Hence y=60. 

From Eq. (3), 4aj= 300 +900 =1200. 
Hence a? =300. 

Prob. 7. Let a? denote the number of laborers, and y the pounds 
carried by each at one time. Then ocy will denote the 
pounds carried by all the laborers at one time ; 6ajy will 
denote the entire work done in 6 hours. 

By the conditions, 5(a? + 2)(y + 4) = Qxy ; (1) 

8(a?-3)(y-5)=6a^. (2) 

Eeducing(l), 10y+20aj+40= a;y. (3) 

Eeducing(2), 12y+20a?-60= xy. (4) 

Subtract (3) from (4), 2y — 100 = 0. 
Hence y=50. 

Substituting in (3), 500 + 20a? + 40 = 50a?. 
Eeducing, 30a? = 540. 

Hence a? =18. 

Prob. 8. Let y denote the number of miles per hour the second 
wagon travels ; 

y +1^ will denote the miles per hour the first wagon travels ; 
y+44 " " « the third " " 

Let X denote the distance from A to B. 



By the conditions, . ii=-— 4 ; 

y+H y 


(1) 




(2) 


Eeducing (1), 5a?=16y'+20y. 


(3) 


Eeducing (2), 5a?=12y»+35y. 


(4) 


Subtract (4) from (3), 4y' = 15y. 




Hence y=3|. 




FromEq.(4), 5a? =300. 




Hence a? =60. 




The first wagon travels 5 miles per hour, the second 3|, and 


the third 6|. 




H 
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Prob. 9. Let x denote the Bum, and y the rate per cent 
By the conditions, 

hm- ^- 1^208; (1) 

|xg(j= a?- 1,160. (2) 

Eeducing (1), 3a^=400a?-483,200. (3) 

Eeducing(2), xy= SOa?- 92,800. (4) 

Multiply (4) by 3, 3ajy=24:0aj- 278,400. (5) 

Subtract (5) from (3), 160a? =204,800. 
Hence a? =1280. 

From Eq. (4), 1280y = 9600. 

Hence y=7^. 

Prob. 10. Let x denote a side of the smaller square ; then will 
a? +118 denote a side of the larger square. 
By the conditions, (aj+118)'-aj'=26,432. 
Eeducing, 236a?=12,508. 

Hence aj=53 and aj+118=171. 

Prob. 11. Let x denote the difference of the two numbers ; 
then 6x will denote their sum, 
and 18a? their product 
Therefore 3a? will be the greater number, and 2a? the less. 
Hence 6a?' = 18a?; 

a?=3. 
The required numbers are 9 and 6. 

Prob. 12. Let 7a? and 3a? denote the two numbera. 
By the conditions, 4a? : 21a?' : : 1 : 21. 
Hence 21a?' = 84a? ; 

a?=4. 
The required numbers are 28 and 12. 

Prob. 13. Let a? denote the distance from A to B, y the dis- 
tance from B to C, and z the distance from A 1x) C. 
By the conditions, a?+y=164; (1) 

y+5=194; (2) 

a?+;3=178. (3) 
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Take the half snm of the 3 equations, 

x+y+z=:268. (4) 

Subtract (1) from (4), s=104. 
Subtract (2) from (4), a? =74 
Subtract (3) from (4), y = 90. 

Prob. 14. Let y denote the original rate ; then -~ will denote 

50 ^ 

the rate after the accident, and — denotes the time of run- 

y 

ning 50 miles at the former rate. 

By the conditions, — =15 — o- 

Clearing of fractions, 

150= 250 -.4y. 
Hence y=25. 

Let X denote the length of the railroad. 

X 

Q^ denotes the time at the former rate. 

X fly— 25 

^+3=the actual time=l+lH — rg— . 

Hence 10a? =1000; 

a?=100. 

Prob. 15. Let y denote the original rate ; then will ~ denote 
the rate after the accident. 

- denotes the time of running i miles at the original rate. 
By the conditions, -+a— c=v= — . 

. y - y 

Clearing of fractions, 

b+ay'^cy=nb. 

Hence y=^-^=T'' 

Prob. 16. Let x denote the number of A's marbles, y the num- 
ber of B's, and z the number of C's. 
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By the conditions, x+ 5=2(y— 5); (1) 

y+13=3(s-13); (2) 

z+ 3=6(aj- 3). (3) 

Eeduce Eq, (1), 2y- x= 15. (4) 

Eeduce Eq. (2), 3-3- y= 52. (5) 

Eeduce Eq. (3), 6aj-. ;3=: 21. (6) 

Multiply (5) by 2, 60-2y=lO4. (7) 

Add (4) to (7), 6;^- aj=119. (8) 

Multiply (6) by 6, 36a;-6;3=126. (9) 

Add (8) to (9), 35aj=245. 

Hence x=7. 

From Eq. (6), s = 42 - 21 = 21. 

From Eq. (5), y=63-52=ll. 

Prob. 17. Let x denote the first part, and y the second ; then 

will 232— a?— y denote the third part. 

By the conditions, 

232-0? 232— y 

a?+— 2~=2^+~3 5 (1) 

232— aj ^^^ x+y 

a+— 2— =232-aj-y+-J^. (2) 

Eeducing Eq. (1), Sx+ 23^= 4y. (3) 

Eeducing Eq. (2), 5a;- 464=- 3y. (4) 

Multiply (3) by 3, 9x+ 696= 12y. (6) 

Multiply (4) by 4, 20aj-1856=-12y. (6) 

Add (5) to (6), 29aj=1160. 

Hence a? =40. 

From Eq. (3), 4y=232+120=352. 
Hence y=88. 

Prob. 18. Let x denote the distance from A to B, y the dis- 
tance from B to C, ;3 the distance from C to D, and v the 
distance from A to D. 
By the conditions, os+y+ z =61; (1) 

y+3+ V =55; (2) 

«+y— s— -«= 0; (3) 

a?— y+ t;— ;5 = — 4. (4) 

Add (2) to (4), X +2v = 51. (5) 

Add (1) to (4), 2x + V = 57. (6) 

Add (5) to (6), and divide by 3, a; + v = 36. (7) 
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Subtract (7) from (6), a?=21. 
From Eq. (7), ^?=36-21=15. 

From Eq. (1), s+y=4:0. 

From Eq. (3), s-y=6. 

Hence s=23, and y=17. 

Prob. 19. A, B, C, and D together have 256 dollars. 
Let X denote the sum D had before commencing play. 
256— a? denotes what the three others had. 
After the first game D had a?— (256— a?), or 2iB— 256. 
After the second game D had 2(2aj— 256). 
After the third game D had 4(2aj-256). 
By the conditions, 8(2aj-256) =64. 
Hence 2aj-256=8. 

Therefore aj=132. 

Let y denote the sum C had before commencing play. 
After the first game C had 2y, and the three others had 

256 -2y. 
After the second game had 2y— (256-^2y), or 4y--256. 
After the third game C had 2(4y— 256). 
By the conditions, 4(4y- 256) = 64. 
Hence 4y-256=16. 

Therefore y=68. 

Let z denote the sum B had before commencing play. 
After the first game B had 2z. 
After the second game B had 4s, and the three others had 

256-42. 
After the third game B had 4s— (256-4^), or 8^-256. 
By the conditions, 2(8^5-256) = 64. 
Hence 8s- 256 =32. ' 

Therefore s=36. 

A had 256-132-68-36=20 dollars. 

Prob. 20. Let x denote the distance from the foot of the 
mountain to the summit. 
Let y denote A's rate of walking, and z denote B's rate. 

- is the time in wHich A would reach the Bammit. 
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OS QC "X. 

By the first condition, -=-— jr. (1) 

2*' ' y s 2 "■ ' 

g- is the time A spends over the needless mile and back. 

By the second condition, 

cc 1 X 1 . . 

By the third condition, 

1112 
Subtract (1) from (2), -=2-10=5- 

Hence y=^' 

Subtract (1) from (3), 

^ «^_1 1 1_1 
2i~2i~2 3'^6-3* 

Beducing, 

Hence 

From Eq. (1), 

Hence 

Therefore 
Prob. 21. Let x, y, and z denote the three numbers. 

By the conditions, aj— 6:y— 6::2:3; (1) 

aj+30:g+30::3:4; (2) 

j,_10:g_10::4:5. (3) 

Eeducing Eq. (1), 3«- 2y= 6. (4) 

Keducing Eq. (2), Ax— Zz = -ZO. (5) 

Eeducing Eq. (3), 5y- 42= 10. (6) 

Multiply (4) by 4, 12a;- 8y= 24. (7) 

Multiply (5) by 3, 12cc- 93 = -90. (8) 

Subtract (8) from (7), 9s- 8y= 114. (9) 

Multiply (9) by 5, 453-40y= 570. (10) 

Multiply (6) by 8, 402/- 32a = 80. (11) 



7a? 2x 1 


16 6 ""3- 


aj=5. 


z 2 


5 5 


2-s 


s=2. 
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Add (10) to (11), 13^=650. 

Hence ;3=50. 

From Eq. (6), 5y=10+200=210. 

Hence y=i2. 

From Eq. (4), 3x=6+84=90. 

Hence cc=30. 

Prob. 22. Let Sx denote A's daily work, 

2x " B's daily work, 
y " C's daily work, 
and z the number of days C worked. 
The whole quantity of work done=(3x+2cc)12+y-5, which 
also equals 9{Sx+2x+y); whence we obtain 

15x+yz=9y. (1) 

Also, Sx+y : 2x+y : : 8 : 7. 

Hence a? : 2a;+y : : 1 : 7. 

Therefore " y=5x. (2) 

Substituting in (1), Sy+yz= 9y. 
Hence 3+^=9. 

Therefore s=6. 

EQUATIONS OF THE SECOND DEOREE WITH ONE UNKNOWN QUAN- 

TTTY, PAGE 867. 

Ex. 1. Clearing of fractions, 

iB«+16x-36+aj»~16a;-36=^(iC»-.4). 
Uniting terms, 2aj'— 72 =|(aj»-4). 
Eeducing, 6aj'- 216 = 5aj»- 20. 

Transposing, a' = 196. 

Extracting the square root, 

CC=±:14. 

Ex. 2. By involution and transposition, 

ar 'a; 

By involution again, 

100 980 ,^, 100 . ,„ 
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980 



Eeducing, 5 x 49' = 



aj' 



Divide by 5x49, 49=-^ 

ExtractiDg the square root, 

Hence a?= ±=. 

Ex, 3. Clearing of fractions, 

2x»+50=5aj»+20. 
Uniting terms, Saj* = 30. 

Extracting the square root, 

x=±VTo. 

Ex. 4. Clearing of fractions, 

By involution, 

4x\a+x')=a'^2a?-ia'x^+a^+4:ao(?+4x\ 

Transposing, ia^x^=a* — 2a' + ^'. 

Eeducing, 4a;'=a'— 2a+l. 

Extracting the square root, 

db2cc=a— 1. 

Hence x=:t^{a—l). 

Ex. 5. By involution, 

3m» , ^ o H 3m' ^ ,^ ^,^ /3m* ^ 

-^+m'-3=m'+l+-^--2+2m-(2m+2)V-^-2. 

/3m* 
Uniting terms, 2m+2=:(2m+2)V-^-2. 

Reducing, ^ = V "":« — 2. 

_ . , . 3m' _ , 

By involution, --^ — 2=1. 

Clearing of fractions, a^=m\ 
Extracting the square root, 

x=dzm. 
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• 

Ex. 6. By involution, 



560 „, 


=7-84+«+X4/J?-34. 


Seducing, 


14=W'^-M. 


By involution, 


560 
. -34=1. 


Clearing of fractions, 35aj'=560. 


Eeducing, 


a!*=16. 


Extracting the square root. 




a;=±4. 


Ex. 7. Clearing of fractions, 


l + Vl-aj»~l + Vl-aj'=V3. 


Uniting terms, 


%y/\-7?=y/Z. 


By involution. 


4-4iB'=3. 


Hence 


4aj»=l; 




x=±\. 


Ex.8. 


272/'-43=77-3^. 


Uniting terms. 


302^=120. 


By evolution. 


y=±2=7— a?. 


Hence 


a;=7±2=9 or 6. 


Ex. 9. Multiply both numerator and denominator of the first 


member by a— 


Va'-x", 




(a-Va'_a^)'=&B». 


By evolution. 


a-->/d^-'S^=±xVb. 


By transposition. 


a^xVi= Va^—a^. 


Squaring, a'=F2aa?'v/J+&x'— a'— a?*. 


Transposing, 


(J+l)a5»=±2axv^. 



Hence x=±-T-rT'- 

0+1 

Ex. 10. Maltiply both niuuerator and denjominator of llie first 
member by v^+ Vi^T^, 

H2 
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_ / ^^ 

By evolution, Vx+ yaj— a= ± > 
CleariDg of fractions, 

Transposing, Vixf—ax = a(l ± ft) — a?. 
Squaring, x'— aaj=a\l ±ft)'— 2aaj(l ± J) +aj«. 

Eeducing, ««(! ±2J) =a»(l =fc*)'- 

a(l±ft)» 



Hence aj= 



1±2J • 



Ex. 11. Va+a?+ Va— a?= 



Squaring, a+aj+a— aj+2Va'— a;*=-T-. 

Clearing of fractions, 

2JVa*-a?»=aj»— 2a5. 
Squaring, 4a'ft'-4ftV=a^-4afta;«+4a'&'/ 
Reducing, a3'=4a5— 4:JV 

By evolution, a; = db 2 Vaft— 6*. 

Ex.12. Vl+x-Vl-a2»=Vl— aj+Vl-x'. 

By transposition, 

VI +a?- VI— a?=2Vl-aj'. 
By involution, 

l+x+l— a;-2Vl--aj»=4:-4«». 

By transposition, 4a:i* — 2 = 2 Vl— a?' ; 

2aj'— l = -v/l3x«. 
By involution, ia^ — 4a;' + 1 = 1 —a:'. 
Uniting terms, 4a;*— 3a;'=0. 

Dividing by a;*, 4aj'=3. 

Hence x=:±^^/Q. 

, 557a? /557y 310,249 185,640 124,609 
J!^.ld. a; g +^jgj- 2gg 2gg _ ^gg . 

By evolution, 

657 353 910 204 ^,, ,^, 
^=16"=*=I6=16"> ^^ 16"=^®^ ^^ ^2^- 



X 
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JiiX, 14, X — Y — AQ' 



Completing the sqnare, 



X* 



X /j^y 5_ 

~7'^\W "196" 



s 



By evolntion, a=T2±77 V5. 

Hence a;=0.0n4286±0.1597191. 

Ex. 15. Completing the sqnare, 

^ « ./ly 1 ^16,128 
By evolution, 48"^ W "9216+ 9216 ' 

-1. 127_128 126_ 

'""96* 96 ~ 96 ' '^'^ ~ 96 ~^ °' ~ " 
Ex. 16. Completing the sqnare, 

1^ /19y_861 1160 
By evolntion, 6 +^2^ -144+ IM' 

_19 39_68 20 

a- j2± j2_ jg, or -jg-^r or -ly 

Ex. 17. Multiply by 105, 

25a»+25a;-30a!'-15x+15=12a;+12. 
Bedncing, 5a^+2x=3. 

Completing the sqnare, 

^"^ 6 +25-25+5' 

14 3 

By evolution, a!=— ^±g=— lor +^. 

Ex. 18. Clearing of fractions, 

6«'-72aj+216-6a!'+144a;-864=5a»-90a!+360. 
Eeducing, Sa;*- 162aj= —1008. 

Completing the square, 

,_162« /8iy_6561 5040 
®- 5 +\5/ - 25 " 25 • 

„ , ,. 81 39 120 42 

By evolution, a? = -^ ± -g- = —~- or -^, 
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Ex. 19. Clearing of fractions, 

3aj»+24a:+4:8+3aj'-24a?+4:8=10aj'-160. 
Eeducing, 4a^=256. 

By evolution, a? = ± 8. 

This example should have been incladed in Class A. 
Ex. 20. Clearing of fractions, 

4aj»+20aj+24:+5a:'+20aj+15=12aj'+36a?+24. 
Eeducing, 3aj»-4aj=15. 

Completing the square, 

^-3+W=9+S- 

2 7 5 

By erolation, aj=^±5=3 or — k- 

Ex. 21. Clearing of fractions, 

588aj*-5761aj'+10,373a!+9650-560a!«+4672a!*-6765a!+1158 

=28a!«-555iB'+1737»-400. 
Eeducing, SSda?*- 2871a =11,208. 

By division, 178a!'- 957a; = 3736. 

Completing llie square, 

957a? /957y 3736 915,849 
178 "'"\356/ 178''" 126,736' 
By evolntion, 

957 1891_2848 934 

'""356'*" 356 ~ 366 °^ ~356' 
a;=8 or -2^. 
Ex. 22. Clearing of fractions, 

8ic'-24a;+18+18a^-60x+50=30a:'-95a;+76. 
Eeducing, 4a:'— lla;= — 7. 

Completing the square. 



^ 4 ^V8/~64: 4- 



By evolution, a: =-^±^=2 or 1. 

Ex. 23. Clearing of fractions, 

a;»— 3iB«— cc+3+a^-2a;'— 5a;+6=2x*+2a;'— 10a;+6. 
Eeducing, 7x' — 4a; = 3. 
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Completing tiie square, 

, 4a /2\'__4 21 
*~7"''\7/~49'''49' 

2 5^ 3 

By evolution, a5==±==l or — =. 

Ex.24. Multiply by 7+4V3, 

a^+(2+VS)x=U+8V3. 
Completing the square, 

^ /2+V3V 63+36 V3 
a?+{2+VS)x+[—^} = J . 

1 ,. 2+V3 6+3V3 
By evolution, x= ^ — ^ 2 — ' 

„ 4+2\/3 S+iVS 
Hence x= — ^ — °^ 2 — ' 

Ex. 25. Clearing of fractions, 

2a;+882— 84V«+2aj=105V«— 6«. 

Uniting terms, 9a;-189V»= -882. 
By division, aJ-2lVi=— 98. 

Completing the square, 

\. r- /21\* 441 392 

x-2ivi+[j) =-r—r' 

21 7 
By evolution, Vx=-^^^=14:Ot7. 

By involution, a? = 196 or 49. 

Ex. 26. Completing the square, 

1 9 

By evolution, Vx= -^-^±^=4: or — 5. 

By involution, i»=256 or 625. 

Ex. 27. Clearing of fractions. 

Reducing, {a+l)x^+{a+byx=^{a+h)a:b. 
By division, x'+la+ h)x = - ab. 



^ 
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Completing the square, 

By evolution, aj= ^±-^= —a or —J. 

Ex.28. Multiplying by (a+cc)(S+a?), 

a — d 

By division, a — J = — jr — ^. 

Clearing of fractions, 

a'— 2aJ+J'=a6+aaj+Jaj+aj'. 
Transposing, a?* + (flt + 5)aj :;= a* — Zclh + 5*. 
Completing the square. 

By evolution, a? + — ^ = db ^ • 

Hence aj=±^^ — ^^ n~« 

Ex.29. a+x+V2^c+s^=ab+bx. 

By transposition, 

V2aa5+aj'=aJ+5a?— (J— a;. 
Squaring, 

2aa:+aj'==a»&'+&V+a'+ic'+2aJ'a;-.2a'J---4aftaj--2Ja:»+2aa?. 

Uniting terms, 

(25-&>«+(2ft-J')2aa?+(2J-J>«=a». 

a' 
By division, a?' + 2aaj + a' = KTZp- 

By evolution, as + a = db . , , . 

Hence aj=±-7=r==--a. 

V2b^b' 

Ex. 30. By Art. 264 we find 

(a?'-2ajy+3(ic«-2a:)=18. 
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Put y=oc?—2x; 

3 9 
y=-2±^=3or-6; 

aj»-2x+l=3+l. 
Hence aj=l±2=3 or— 1. 

Also, a:*-2aj+l=l— 6=-5. 

Hence a; = 1 ± V— 5. 

FBOBLEMS mVOLYINa EQUATIONS OF THE SECOND BEGBEB WITH 

ONE UNKNOYHJ QUANTITY, PAGE 370. 

Prob. 1. Let 6a?, 4a:, and 3x denote the three numbers. 
By the conditions, 

36x»+16a?'+9x«=10,309. 
Keducing, aj'=169. 

Hence a; =13. 

Prob. 2. Let x denote the number of pounds of salt, ix the 
pounds of sugar, and 8x the coffee. 
Then 64x*+16a;«+cc»=324:. 

Hence 9a5=18; 

xz=2. 

Prob. 3. Let x denote the number of feet by which the breadth 
was increased. 
By the conditions, 

(37+a;)(259-7x)=9583-63. 
Eeducing, 9583-7x«=9520 ; 

7ai»=63; 
0:^=9. 
Hence a? =3. 

Prob. 4. Let x denote the required number. 

By the conditions, aj'+a:*=9(a?+l). 
Dividing by x + 1, x^= 9. 

Hence a? =3. 
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Prob. 6. Suppose A travels x mfles per hour, B travels y miles 
per hour, and they meet z miles from New York. Let a 
denote the distance from New York to Chicago. The time 

2 a-^z 



they travel before meeting will be denoted by - or 



X y 
Hence sy=ax— sx; 



ax 



x+y 
ax 



mm m 

When they meet, B has miles to travel, and A has 

'"~ aij 

miles to travel ; that is, .^ . Hence we have 



ax 
a— 



x+y ' 'x+y 

;;7^=16; (1) 

aoR 



yip^+y) 



=36. (2) 



Divide Eq. (2) by (1), ^=jg. 

„ cc 3 

Hence -=«. 

y 2 

From Eq.(l),^=16(^)=16x|=40 hours, which is the 
time in which A performs the journey. 

rromEq.(2),^=36(^)=36x|=60 hours, which is the 
time in which B performs the journey. 
Prob. 6. Let x denote the length of one side of the vineyard. 

By the conditions, f~j -f|j =8640. 

Clearing of fractions, 

64a:»-49x'= 8640 x 49 x 16. 
Eeducing, 15a^= 8640 x 49 x 16 ; 

a;'=576x 49x16. 
By evolution, jc=24x7x4= 672. 
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Prob. 7. Let x denote the breadth of the frame. 

By the conditions, 

(33 + 2x)(22 + 2x) = 33 X 22 X 2 = 1452. 

Expanding, 726 +110x+4x»= 1452. 

Transposing, 4a?' + 110a? = 726. 

Completing the sqnare, 

55x /55y_3025 2904 

^+ 2 +U/'~ 16 + 16 • 

55 77 11 
By evolution, a;= — x^T =="9"' 

Prob. 8. By the conditions, 

(a + 2a?)(5 + 2a?) =zal(j) + 1). 
Expanding, db + 2ax + 2ix + 4a?* = abp + db. 
Completing the square, 

{a+b) fa+bV a^+^ab+b^'-^-^aip 



a?'H — o — ^+ 



m= 



2 ^\ 4 / 16 



T, w. , a+h V(a+by+iabp 
By evolution, x-\ — j— = j —. 

Hence ^^V^±W±^^(^±^^ 

Prob. 9. Let x denote the price of a pound of the first kind, 
and y a pound of the second kind. 
By the first condition, 

60y— 60a;=240, whence y=4+a;. 
By the second condition, 

504 504 ^ 

=8, 

X y 

whence 63y— 63a?=a:y. 

By substitution, 252+63a?-63a;=4a?+aj». 
By transposition, a:* + 4a? + 4 = 256. 
By evolution, a; + 2 = 1 6 ; 

a?=14, and y^l8. 

Prob. 10. Let a? denote the price of the horse. 
By the conditions, 144— a?=rQQ. 
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Qearmg of fractions, 14,400— 100a:= a;'. 
Completing the square, 

x'+100x+(50)»=16,900. 
By evolution, cc + 50 = 130. 

Hence a; =80. 

Prob. 11. Let x denote the number of barrels. 

By the conditions, H = — 5. 

Clearing of fractions, 

216a?- 648 +aj'--3a:=216x. 

Completing the square, 

, ^ /3V 9 2592 
a?-3x+y=4+-j-. 

By evolution, a; = ^ ± ^ = 27. 

Prob. 12. Let x denote A's capital; then will 8400— as denote 
B's capitaL 
2070 -a? denotes A's profits, and 1920— (3400- x) denotes 

B's profits. 
By the conditions, 

2070-a; : a?- 1480 : : 12a; : 16(3400-a;). 
Hence 3a;»-4440x =28,152,000- 21,880a; +4a:». 
Keducing, a;»-17,440a;= —28,152,000. 
Completing the square, 

x' - 17,440x + (8720y = 47,886,400. 
By evolution, a;=8720- 6920=1800. 

Prob. 13. Let x denote the distance of the required point from 
the moon. 
By the conditions, (240,000-ajy=80a;«. 
Eeducing, 793;*+ 480,000a; =57,600,000,000. 
Completing the square, 

480,000a; , /240,000y 4,608,000,000,000 
^'^ 79 ^V 79 /"" 79* 

By evolution. 
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Prob. 14. Let x denote the number of days required by the 

first mason, and a; +3 by the second. 

51 6i_ii 
By the conditions, —70+-^ ^=1. 

Clearing of fractions, 

lla;+ 8x+24:=2a:»+ 6a;. 

Completing the square, 

, 13« /13V_169 192 

"~ 2 +U/~16"*"'i6'* 

13 19 
By evolution, a = -^^ ± -x = 8« 

Prob. 15. Let x denote the distance from A to B. 

X 

The first courier goes :rT miles an hour, and the second goes 

g+lO ., , 
-T7-; — miles an hour. 
14 

T> *v. jv 20x14 20x14 1 
By the conditions, ^-__— j-^=- 

Clearing of fractions, 

560cc+5600-560x=a?+10a:. 

Completing the square 

cc»4.10cc+25=5625. 

By evolution, a; = — 5 ± 75 = 70. 

Prob. 16. Let x denote the time required by the fastest wagon 

to travel one mile, and a;+^ by the slowest. 

10^ 
The distance traveled by the former is — ^, and the distance 

10* ^ 

traveled by the latter is — — r-. 

^ 10^ lOi ^^, 

Hence -~^+ . ^ =104. 

Clearing of fractions, 

672X+21 + e72x=665eaj»+208a?. 
Transposing, 6656a;'— 1136a;= 21. 

Completing the square, 

, Tlx / 71 Y 5041 2184 
^ ■"416+\832/ ""692^4+; 



692^4 "^692,224' 
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T. , . 71 85 3 

By evolution, ^=832=^832=16' 

Prob.17. Let x+6 denote the distance traveled by A before 
meeting, and x— 6 the distance traveled by B. A's rate 

/p Q x + Q 

of travel is — q— > and B's rate of travel is "Yq'' 

Qt g cc-l-6 

Hence • — g— :-^^::a;+6:a;— 6. 

Keducing, 16x" - 192x + 576 =9aj»+ 108a; +324. 

Transposing, 7x'-300x= — 252. 

Completing the sqnare, 

, 300x /150y 22,500 1764 

^"" 7 "^V 7 / 49 49 • 

„ 150 144 ,^ 

Hence aj=-^±-=--=42; 

aj+6=48 miles; 05—6=36 miles. 
Prob. 18. Let C denote the point of meeting ; let x denote the 
distance AC, and y the distance BO. Then A's rate of 

travel will be ^r? and B's rate of travel will be -^^ The 

time of A's traveling from C to B will be y divided by 

^-f, that is, — - ; and the time of B's traveling from 
*rtr ^ 2,ia! 
to A will be x divided by jri"? that is, . 

Hence ^J^JM^ 

y X 

Clearing of fractions, 25aj'=49y*. 
By evolution, ~ = ^ 5 

=2|^, A's time of traveling from C to B ; 

if 

2Ty+4TV=7>-A>'s time of performing the whole journey; 
2||+2A=5,B's " " « « 

Prob. 19. Let x denote the rate of travel of the first, and y that 
of the second. 
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The first has a start of 56x miles. 

910-56a; , , , ^ i> , ^ , . , 

— -—rz — denotes the number of horaB from the time the 
x+y 

second starts to the time of meeting. 

„ /910-56a?\ ^^ 910 ,,, . 

Hence (^___j:,+56a:=-^. (1) 

Also, 20a?+20y=910-550=360. 

Hence x+y=zl8. (2) 

Substitute (2) in (1), 

(910-56aj) ^, ,^, 
^^ — jg — ^x+ 66a; =455. 

Clearing of fractions, 56ai"- 1918«= —8190. 
Completing the square, 

, 137^ /137\' 18,769 9360 
^ 4 +\ 8 / ~ 64: 64 • 

137 97 ^ 
By evolution, x=—^±. -77-= 5 ; 

y=18-5=13. 

910 
The time required by the first is -^=182 hours; 

910 
the time of the second is -70"= 70 hours. 

Prob. 20. Let x denote the quantity of brandy first drawn. 
20— a? denotes the quantity of brandy remaining, or the 

quantity of water in the second cask. 
20 : oj : : a? : the quantity of brandy retunied to the first 

caskrr^^. ^^ 

The quantity of brandy in the second cask is a?— q^. 

a* 20 
20:20--aj+Q^::-o-:the quantity of brandy in 6|- gallons 

a;*- 20^+400 
" 60 
-rr 20aj-aj' aj»-20a?+400 ^^ 
Hence — 20"+ 60 =^^' 



190 KEY TO TBEATIBE QS ALGEBBA. 

Clearing of fractions, 

60a;— Saj'+a;'— 20aj+400=600. 
Eeducing, »»- 20a? +100=0. 

By evolution, a?— 10=0. 

Prob. 21. Let x denote the number of yards sold by the first 
merchant, and x+S the yards sold by the second. 

24: 

The price per yard with the first merchant was q, and 

12i ^■'■^ 



with the second 



X 



„ 24a; 12KaJ+3) ^^ 

Hence ^^^+-^-^=35. 

Clearing of fractions, 

48aj» + 25aj' + 150aj + 225 = 70aj» + 210a?. 
Eeducing, 3a?*- 60a? = - 225. 

Completing the square, 

a?»-20a?+100=25. 
By evolution, a? = 10 ± 5 = 15 or 5 ; 

a?+3 = 8orl8. 

Prob. 22. Let a? denote the number of miles A or B travels 
per hour. 

The geese travel at the rate of % miles per hour, and the 
wagon at the rate of f miles. 

B approaches the wagon at the rate of a?+|^, and he over- 
takes the geese ^ hours after A. 

10a? 

B's distance from A is -5-— 5. 

o 

A meets the wagon 50— 2a? miles from Baltimore, and B 

2a? . "^ 

meets it 31+-Q- miles from Baltimore. In the interval 

8x 
the wagon had traveled -q-— 19 miles, and therefore the 

4/8a? \ 
interval =qI-q-— lOj- 

^ 4/8a; \/ 9\ 

Also, A's distance from ^=q{"o"— 19){^+ jj- 



Hence |(^_i9)(a,+|)=^_5. 
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Clearing of fractions, 

32a!' - 156aj- 513 = 90a; - 135. 

T> A ' -. 123a; 189 

Keducing, »• — Ta-=-Ta- 

Completing the square, " 

123a; /123\' 15,129 12,096 



/123\' 15, 
\32/ ~ 10 



"'~ 16 "'■\32/ ~ 1024 ■*" 1024 ' 

•o , . 123 165 „ 

By evolution, a; =-^ ± -Ko" = 9- 

10a! 
A'b distance from B is -o-— 5=25 miles. 

EQUATIONS OF THE SEOOITD DEGEEE WITH SEVEEAl UNKNOWN 

QUAHTTriES, PAGE 873. 

Ex.l. 1693* +2^=177; (1) 

- lSa?+iy'= 3. (2) 

Multiply (J) by 2, 338a!' +4^/'= 354. (3) 

Subtract (2) from (3), 3513;* = 351. 

Hence a!=±l. 

From Eq. (2), 43/»=13+3=16. 

Hence ^=±2. 

Ex.2. FromEq.(l), 7x'+Y2/'=25x'-25y'. 



Transposing, 


32y»=18x»; 




Hence 


4y=do3x. 




From Eq. (2), 


-J- =48. 
4 




Hence 


aj=±8; 
3^= ±6. 




£.3. 


2s»- 5v'= 75; 


(1) 




75'+15t;*=1075. 


(2) 


Multiply (1) by 


3, 6s'-15t^«= 225. 


(3) 


Add (2) to (3), 


13s» =1300. 




Hence 


s=±10. 




From Eq. (1), 
Hence 


5^^=200-75=125. 

a?— s— 4— 6 or— 14; 
y=2;+7=12or2. 
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Ex. 4. Multiply (1) by 4, 

4(aj+y)«-8aj»=196. (3) 

Subtract (3) from (1), llaj»=176. 
Hence a? =±4. 

From Eq. (1), (aj+yy=49+32=81. 
Hence x+y=±9; 

3^=±9db4=db5 or ±13. 

Ex. 5. From Eq. (1), y=-!-g^. . (3) 

From Eq. (2), i5x + 45y = 14ajy. (4) 

Substitute (3) in (4), 

45a:+15(37-2aj)=^(37a?-2ir»). 

Eeducing, 135a? + 1665 - 90aj = 518a:— 28aj*. 

Transposing, < 283?*— 473a?= - 1665. 

Completing the square, 

, 473« /473y 223,729 186,480 

^■"28 "*"\56/ " 3136 3136 * 

_ . . 473 193 ^ 333 

By evolution, a;=-K^±-^=5 or -^ ; 

37~2aj ^ 185 
y=— 3— =9or-^. 

Ex.6. s(f'+y'=9xy. (3) 

Substitute (2) in (3), 

3/»+216-.108y+182/^-y=54y-9y'. 
Eeducing, 27y'-162y= -216. 

Completing the square, 

2/»-6y+9=l. 
By evolution, y=3dzlz=z2 or 4 ; 

aj=6— y=4 or 2. 
Ex.7. From Eq. (2), aj'+2a7+ j^=15,376. (3) 

Subtract (1) from (3), 2a?y = 5,376 ; (4) 

4ajy =10,752. (5) 

Subtract (5) from (3), 

x'--2set/+f= 4,624. (6) 

By evolution, a?— y=± 68. (7) 
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Add (7) to (2), 2a?=192or 56; 

x= 96 or 28. 
Subtract (7) from (2), 2y = 56 or 192 ; 

x=z 28 or 96. 

36 
Ex. 8. From Eq. (1), x=—. (3) 

if 

6 _ 
Substitute (3) in (2), -^+ Vy=5. 

Oleariug of fractions, 

y-5Vy=-Q. 

Completing the square, 

^ ^ /5\» 25 24 

5 1 

By evolution, ^^=^±2=3 or 2. 

By involution, y = 9 or 4 ; 

VJ=5-.3or5-2. 
By involution, a? =4 or 9. 

Ex.9. Put t;=3a?+4y, and 5J=7a?— 2y, 

vs+t;=M; (1) 

^?s-s=30. (2) 

Subtract (2) from (1), 

^+^=14; hence ^=: 14— js. (3) 

Substitute (3) in (2), 14s-s»-s= 30. (4) 

Reducing, z^-13z=-S0. (5) 

Completing the square, 

13 7 
By evolution, s=-2-±2~-^^ **"* ^' (^ 

«=14-s= 4 or 11. (8) 

Hence 3aj+4y= 4 or 11 ; (9) 

7a;-2y=10or 3. (10) 

Multiply (10) by 2, 14a;-^=20 or 6. (11) 
Add (9) to (11), 17a; =24 or 17. 

I 
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24 

Hence ^~T7 ^^ ^* 

2 
From Eq. (10), 2y =7a?— s= — j= or 4 ; 

1 ^ 

y=— :p^or2. 

Ex. 10. From Eq. (1), ^^ 

(«-3y)'-.4(a;-3y)+4=0. (3) 

By evolution, (a;-3y)— 2=0. (4) 

Hence a? = 3y + 2. (5) 

Substitute (5) in (2), 

9y«+12y+4-6^-4y+33/»-.12y-8+5y=53. 
Seducing, 6^+y=57. 

Completing the square, 

TT 1 37 „ 19 

Hence S'=~i2'''i2~ '^ ""6"' 

15 
From Eq. (5), a;=ll or — ^. 

Ex. 11. From Eq. (1), 

2a»+2a!^+2ajj/*+2y'=15a!y. (3) 

Divide Eq. (2) by Eq. (1), 

2{i>^-y^(x-y)=: 8xy. (4) 

Whence 2a?—2iify—2xi/'+2^= Sm/. (5) 

Subtract (5) from (3), 4a?y+ix^=12xy. (6) 

Divide by 4xy, x+y=zS or x= S—y. (f) 

Substitute (7) in (1), 2(jc'+2/»)= 5xy. (8) 

Substitute (7) in (8), 

2(9 - 6y +3/') + 23^= ISy-Sy*. 
Transposing, 9i^—27y=—18. 

Oompleting the square, 

, o /3\' 9 8 

3 1 

By evolution, y=^db^=2orl; 

a:=3— y=l or 2. 
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Ex. 12. Divide Eq. (2) by Eq. (1), 

\a?+f){x+y)^A:Oxy. (3) 

Hence a;*-H ^y+ xy^+'ij^=iQxy, (4) 

FromEq.(l), af— a?y^ ccy*+2^=16ccy. (5) 

Subtract (5) from (4), 2x'y+2ay =24ay. (6) 

Hence x+y—12 or a?=:12— y. (7) 

Substitute (7) in (3), 

12(144-24y+y»+y')=40(12y-y»)- 
Keducing, 216-36y+3j/'=60y-5j/'. 

Uniting terms, 83^-96y= -216. 

Completing the square, 

^•-12^+36=9. 

By evolution, y=6=h3=8 or 9 ; 

aj=12-y=9 or 3. 

Ex. 13. Multiply Eq. (1) by y, and Eq. (2) by a?, 

27y=18ic; hence y=-Q-. 

Multiply Eq. (2) by s, and Eq. (3) by y, 

4a5 
36y=18s; hence 2=2y=-Q-. 

Substitute in Eq. (1), 

/ 2a; 4a;\ 

H^+y+-3J=2^- 

Eeducing, 3ir'=27. 

By evolution, x = ± 3. 

2a; 
Hence y=-g=db2; 

5J=2y=±4. 
Ex. 14. Multiply together Equations (1), (2), and (4), 

X7^^V = bX2Vj 

or 2^=S. 

By evolution, y = J^. 

Multiply together Equations. (3) and (4), 

xyv^=abx. 
Hence yv^=ab. 
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2 

By substitution, t;'=a5^. 

1 1 
By evolution, v ^d^b^. 

FromEq.(2), s=-=a^. 

if 

1 

From Eq. (1), «=|=^- 

y JT 

Ex. 15. Maltiply the four equations together, 

ir'j^2'«»=105xl35xl89x315=27'xT'x5». (5) 
By evolution, xyzv = 27 x 7 x 5. (6) 

Divide (6) by (1), v=%. 

Divide (6) by (2), s=7. 

Divide (6) by (3), y=5. 

Divide (6) by (4), aj=3. 

Ex. 16. Squaring Eq. (2), 

iC* ■ ■ 2a^ 
a:»+-5+y'+— -+2x'+2xy=196. (3) 

Subtract (1) from (3), — + 2x» + 2a:y = 112. (4) 

Divide Eq. (4} by Eq. (2), 

2x=8, or cc=4:. 

16 

Substituting in Eq. (2), 4+ — +y =14. 

•f 
Clearing of fractions, etc., 

y»-10y+25=9. 

By evolution, y=5±3=8or2. • 

Ex.17. From Eq. (2), 2Vy-a?=3v'a-cc. 
By involution, 4y— 4cc=9a— 9a:. 

Transposing, 4y = 9fl& — 5a?. (3) 

From Eq. (1), 2 Vy — 2 V«— aj= 3 Va—x. 

Transposing, 21/^=5^^— cc. 

By involution, 4y=25a— 25a:. (4) 

Comparing (3) with (4), 

9^ — 5a; = 25a — 25a?. 
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Eedacing, 20a? = 16a. 

Hence a?=-?"- 

From Eq. (3), 4:y=:9«— 4<z=5{af, 

Hence y=T' 

Ex. 18. Multiplying Eq. (1) by y, and Eq. (2) by a?, we have 

hoi? 
afz=h;x?, or 2/*=—. (3) 

Substituting (3) in (1), 



(aj'H )x=xVab. 



Clearing of fractions, 



Hence a?'= " 



By evolution, rr = zfc V r* 

r.«E<,.(8), ».=?=lg. 

. By evolution, y=±.\J , . 

Ex. 19. From Eq. (1), V53'+3'=10 ; 

i»+2-v/5=10. 

Completing the square, 

^ /-/5\' 5 40 45 
3'+^V5 + (-2-) =4+ 4 = T 

By evolution, _ 

3= — ^±-^= V5 or — 2 V5. 



(i+^y= 



3125 3125^ 1250«' 250t>' . 25t)* , 
~3r+^J~+'~8~'+ 4 + 2 ''■^ ' 



' 3125 3125« 1250t)' 250«' 25«* 



/5 Y_3125 3125^ 
V2~7 ~ 32 ~ 16 "* 



8 4 ' 2 



4—jr— «'. 
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From Eq. (2), -j^- + —j— + 25^* = 275. 

^ , . , 50^y 51 

Keducing, ^ +"r'^i6* 

Completing the square, 

60v' 625 676 
^^ 4 +16"16- 

T, - . , 25^26 1 51 . 

i3y evolution, v'= — jdb-j-= j ^^ —IT- . 

1 1 

By evolution, v= ±^ or dt-^ V^— 51 5 

Vfl5=Q+t;=3 or 2. 
hence a?=9or4:. 

Also Vx=^dz^V—51; 

-13±5vC:51 
^— 2 ^ 

/- 5 00 5=F-/^=^ 
Vy=^-2^=2 or 3, or ^ 5 

-13=F5V35r 
y=4 or 9, or ^ ; 

The other case, where s= — 2 Vs, may be solved in the same 
manner. 
Ex.20. Put aj=9+t;, and y=9— v. 

By Eq.(l), (81+^')(81-'y')=6545. 

Eeducing, ^;*= 6561 -6545. 

By evolution, v=dt-2. - , 

Hence a;=9±2=ll or 7; 

y=9H=2=7orll. 
Ex.21. Put x=zz+Vy and yz=:z-^v. 

From Eq. (1), 5(25»+2t;')+4(5'-2?*)=356. (3) 

Hence 73'+3t;» =178. (4) 

From Eq. (2), 23»+2i;« +20 = 62. (5) 

Multiply <5) by H, 3z'+3v' +3z = 93. (6) 

Subtract (6) from (4), 4s»-3;3=85. 
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Completing the square, 

sz /ay ^ ,1360 

-o 1 . 3 37 ^ 17 

By evolution, z=^±-^=^o or — "j"* 

From Eq.(5), t;»=31-25-5=l. 

By evolution, tj = ±1. 

Hence a?=5 ±1 = 6 or 4 ; 

y=5=Fl=4 or 6. 

300 ,ox 

Ex. 22. From Eq. (1), aj»+y»=— . (3) 

. . ^ 90,000 ,.v 

By involution, cC*+2a?y+2/*=-^y-; W 

a^+^=337. (2) 

90,000 ^«^ ,^. 

Subtract (2) from (4), ^^y'^-^ — 337. (5) 

aearing of fractions, 2xy= 90,000 -337ajy. (6) 
Completing the square, . 

_ ZZWy" /337V 113,569 , 720,000 _ 

913 337 ^,. ,ox 

By evolution, icy=-j 4-=!^- (8) 

By evolution, ajy==fcl2. (9) 

FromEq.(l), aj'+J^^ 25. (10) 

Add twice (9) to (10), cc*+2a;y+y'=49. 
By evolution, ic+y=db7. 

Subtract twice (9) from (10), 

aj*-2a5j^+3^=l. 
By evolution, aj— y=zfcl. 

Hence a;=±4or±3; 

y=db3 or ±4. 
Ex.23. rromEq.(2), x*+3«V+3ay+3/»=125. 

By transposition, 

^ a^+y=125-3a?'y-3ay; 
aj»+y'=125-3icyCir+y). 
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Substitute Eq. (2), a^+y»==125-15a:y. 

Also, from Eq. (2), a:»+y»=r25-2a:y. 

Hence, from Eq. (1), (25-2ajy)(125-15a?y)=455. 

Eeducing, {25-^2xy){25-3xy)=91. 

Expanding, 625 - 1252^+ 6xy =91. 

Completing the square, 

125x7/ /125y 15,625 534 



X' 



6 ':^\12/"" 144 6 



-n 1 .. 125 53 ^ 89 

By evolution, £^^=-^^±^0=6 or -g-. 

From Eq. (2), aj'+2ajy+y'=25 ; 

4a:y=24. 
By subtraction, a;' — 2a::y + ^ = 1. 

By evolution, aj — y = ± 1. 

Hence aj=2or3; 

y=3 or 2. 
Ex.24. Puta:='yy. 

From Eq. (1), vy + v^ + 3^ = 14vy + 14y. 
Eeducing, v'y +vy +y =14t7 +14. (3) 

From Eq. (2), t;y-vy»+3/^=18z;y-18y. 
Eeducing, t;'y — vy +y =18i; — 18. . (4) 

Subtract (4) from (3), 2vy =32 -4i;. 

1 fi 
Eeducing, y =" V"^' ^^^ 

Substitute (5) in Eq. (3), 

16 
16i;-2t;«+16-2v+— -2=14v+14. 

1 fi 

Uniting terms, — 2 y' H — =0. 

Clearing of fractions, v'=8. 
By evolution, v=2. 

Hence, from (5), y = 8 — 2 = 6 ; 

a?=6x2=12. 
Ex. 25. Comparing (1) and (2), 

. 91 133 



af- 
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Clearing of fractions, 

91x'+91ay+9V=133a!'+1332/'. 
Uniting terms, 4Q!i?— 91xy = — 42y*. 
Completing the square, 

91ay /91yy 8281y» 
42 "^ V 84 / - 7056 ~* ' 

By evolution, a;=^±^=|^or |^. 
Substitute -^ in Eq. (1), 

. Eeducing, -^x-^=91. 

CleariDg of fractions, ^=16. 

By evolution, y = ± 2 and a? = ± 3. 

Substitute ^ in Eq. (1), 

Eeducing, -^ x -^= 91. 

Clearing of fractions, ^= 81. 

By evolution, y = db 3, and a?= ±2. 
Ex. 26. From Eq. (1), {x'+2xj/+7/yx^y'=900. 

FromEq.(2), \x'+j^j/'=:900-2sfj^=i68. 

Hence 2x'3/'=432. 

By evolution, jcy=6. 

FromEq.(l), jc+2/'=5. 

By involution, oi?+2xy+i^=26. 

By subtraction, a?— 2a:y+y'= 1. 

By evolution, x—y= ±1. 

► Hence as =2 or 3. 

Ex. 27. From Eq. (1), a?-^y'+ Vac^Iy =12. 

Completing the square, 

1 49 

12 
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, 7 1 

By evolution, Va?*— y*=±Q— ^=3 or —4. 

By involution, af—^zz, 9 or 16. 

From Eq. (2), x»+y'=41. 

By addition, 2x» =50 or 57. 

By evolution, a:= ±5 or dt^V^UA. 

From Eq. (2), 3^=:41-a?=16 or -^. 

By evolution, y= ±4 or db^V2. 

Ex.28. {x+yy+10{x+yy+25=9{x+yy+30{x+y)+25. 
By evolution, (aj + y)* + 5 = 3(x + y) + 5. 
Eeducing, x+y=:3. 

From Eq. (2), a? — y = 1. 

Hence a?=2 and y=l. 

Ex. 29. By involution, s» + 20y + v» = 324 ; 

z" +t;*=212. 
Hence 22v ==112. 

By subtraction, s' — 2zv + v' = 100. 
By evolution, ;3 — v = ± 10 ; 

s+v= 18. 
Hence ;3=14 or 4, t;=4 or 14; 

aj+-=4. 

X 

Clearing of fractions, a?*— 4a;= —1. 
Completing the square, 

aj»— 4a?+4=3. 

♦ 

By evolution, a? = 2 ± Vs. 

Also, X'\ — =14, 

' X 

Clearing of fractions, a?*— 14aj=— 1. 
Completing the square, 

cc»— 14a;+49=48. 

By evolution, a? = 7 i 4 VS. 
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PEOBLEMS INVOLVINO EQUATIONS OF THE SECOND DEGREE WITH 
SEVEEAL UNKNOWN QUANTTTIES, PAGE 877. 

X 

Prob. 1. Let - denote the fraction. 

y 

By the first condition, — o=-. 

Clearing of fractions^ 

a?'+2aj=y«-.2y. 
Completing the square, 

aj'+2a;+l=y'-2y+l. 
By evolution, a?+l=:y— 1, or x=y— 2. (1) 

By the second condition, 

a;~2 IQy 
y+2"*"i5""x' 
Clearing of fractions, 

16afS0x+16xy+S2x=16i^+80y. 
Keducing, 15aj'+16ccy+2x=15y»+30y. (2) 

Substitute (1) in (2), 

15y*-60y+60+16y*— 322/+2y-.4:=15y»+30y. 
Keducing, IGj^- 120y = - 56. 

Completing the square. 



15y /ISy 22556 
^^ 2 +U/ 16 16* 



-r. , . 15 13 ^ 1 

By eyolution, y =.-j- db -j- = 7 or ^. 

Hence a: = 5 or — q. 

Prob. 2. Let 2x denote the first part, 3x the third part, and 
102— 5aj the second. 
By the conditions, 

6x»=t=102(102-5a?)=10,404-510ir. 
Completing the square, 

o^ /85\' 7225 6936 
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By evolution, x = -^ — -^ = 17 ; 

2a;=34:; 3x=51; 102-.5ir=17. 

Prob. 3. Let a? and y denote the two digits. 

By the first condition, 

(10y+xX10aj+y)=5092. (1) 

X 1 

By the second condition, -=1 +-. 

•^ 'y ^y 

Clearing of fractions, jc=y+l. (2) 

Substitute (2) in Eq. (1), 

(lly+l)(lly+10)=5092. 
Expanding, 12^+121^+10=5092. 
Eeducing, ^+y=42. 

Completing the square, ^ ^^^ 

13 1 

By evolution, y = — — ^ = 6. 

Hence flj=7. 

Prob. 4. Let x and y denote the two circumferences. 

By the first condition, 

5775 5775 ,^^ 

=1do. 

X y 

Keducinff, — — — =1. 

o» X y 

Clearing effractions, 35y— 35a;=a:y. (1) 

By the second condition, 

5775 5775 

a?+2i"y+2^-"^- 
T? ^ • 825 825 

Clearing of fractions, 

825y+2062^-825a?-2062^=16a?y+40a?+40y+100. 
Uniting terms, 785y-865aj=16a:y+100. (2) 

Substitute Eq. (1) in (2), 

785sf-865aj=560y-560a?+100. 
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Uniting terms, 225y-305a!=100. 

Eeducing, 45y- 61aj= 20. 

45y-20 , 

Hence x= — gj — . \p) 

Substitute (3) in (1), 

OK o./*fc20\ 45y'-20y 
35y-35^— gj— j = gj . 

Clearing of fractions, 

427y - 315y + 140 = 9/- 4jf. 
Kedtfcing, 92/'-116y=140. 

Completing the square, 

116y /58\' 3364 1260 
2^ 9"+\'9/ -"sT"'' 81 • 

58 68 _ 
By evolution, y = -3- ± -g- = 14. 

„ 630-20 _ 

Hence x=. — ttt — =iu. 

r 

Prob. 5. Let x denote the length, and y the breadth. 

By the first condition, "o" + Jg=H• 
Clea^ing of fractions, ix+y^ZL (1) 
By the second condition, 

Hx 15y\ ^3 

23i»y 23 
Uniting terms, -^23" = "4- 

Eeducing, xy=Z2,. (2) 

Substitute (1) in (2), 34x-2iB«=32. 

Completing the square, 

^ /17\' 289 64 

«^~i7^+(2-j=-r-T- 

17 15 
By evolution, a?=:^±-^=16 or 1. 

Hence^ y =2 or 32. 
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Prob. 6. Let x denote the number of laborers, and y the num- 
ber of pounds each carried at a time ; and suppose that m 
journeys are made in an hour. 
The total number of pounds removed is 8mxr/. 
Hence 8mocy=:7m{x+8)(y^ 5); (1) 

8majy=9w(aj— 8)(y+ll). (2) 

From Eq. (1), 8xi/^7xy+56y^ 35aj— 280, 

Keducing, icy= 56y-.35aj-^280. (3) 

FromEq.(2), 8a:y=9a^-72y+99a;— 792. 

Eeducing, xy=: 72y-99a;+792. (4) 

Comparing (3) and (4), 

56y-35aj^280=72y-99a;+792. 
Uniting terms, 64a:-16y=1072. 
Eeducing, y=4a;— 67. (5) 

Substitute (5) in (3), 

4iB»-67a;=224a;-3752-35aj-280. 
Keducmg, a;'-. 64a; =—1008. 

Completing the square, 

a;«-64a;+(32)«=1024-X008. 
By evolution, a; = 32 ±4 = 28 or 36. 
Hence y = 4aj— 67 = 45 or 77. 

Prob. 7. Let x denote the capital, and y the rate per cent. 

X7J 

By the first condition, y7§)=123|^. 

„ 12,350 

Hence aj= — - — . (1) 

y ^ ^ 

By the second condition^ 

(a;+70o/^g|^=135. 

Eeducing, 4a?y+2800y-a;-700= 54,000. (2) 

Substituting the values of x and xy, 

49,400+2800y — ^^^^-700=54,000. 

12,350 
Uniting terms, . 2800y =5300. 

Clearing of fractions, 563/*— 247= 106y. 
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Completing the square, 

53y /53y__2809 18,832 
^~ 28 ■'"W ■"3136'^ 3136 ' 

T3 , .. S3 129 13 ^, 

By evolution, y= 56=*="56"'=' T =^^- 

Hence aj=2800y-5300=3800. 

Prob. 8. Let x denote the number of shares, and y the rate per 
cent, discount. 

Ho paid — \r)fi dollars per share, 
and received — \ ^^ dollars per share. 



=1500. 



100 
By the first condition, 

20a:(100~y) 

100 

Hence 100x'-xy= 7500. (1) 

By the second condition, 

20(a?-60)(100+y) 
100 " 

Expanding, ajy-60y+100a:-6000= 5000. 
Eeducing, xy-^-eOy+lOOx ±=11,000. (2) 

Substitute (1) in (2), 

100a;-7500-60y+100ir=ll,000, 
Eeducing, 10a;-.3y=925. 

„ 10a;-925 

Hence y= ^ ; (3) 

Substitute (3) in (1), ip^^ggg^ 

lOOaj- g =7500. 

Clearing of fractions, 10x'-1225a?= -22,500. 
Completing the square, 

, 245« /245y 60,025 86,000 
^" 2 +\4 / 16 ■" 16 • 

245 155 
By evolution, x = -r- ± -r" = 100 or 22^. 

Hence y = « = 25 per cent. 
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I 

Prob. 9. Let x denote the diminution of length, and y the in- 
crease of breadth. 
By the first condition, 

y— 03=12 or y=:x+12. (1) 

By the second condition, 

(119-aj)(19 +y)=119 X 19. 
Expanding, 2261-19a;+119y-ajy=2261. 
Kedocing, 119y— 19aj=a3y. (2) 

Substitute (1) in (2), 

119a;+ 14:28-19aj=aj'+ 12a?. 
Completing the square, 

aj»-88aj+44:«=1936+1428. 
By evolution, aj=44=fc58=102 or —14. 
Hence y=aj+12=114 or —2. 

Prob. 10. Let x and y denote the two numbers. 

By the first condition, 

x+y+xy=^7y or x+y=z4:7—xy. (1) 

By the second condition, 

a;'+y«-'Cc-.y=62. (2) 

From Eq. (1), a' + y* = 2209 ^96xy+ sd'y'. 

Substitute in (2), 

2209-96a2^+ajy-47+(cy=62. 

Completing the square, 

, , n/ /95V 9025 8400 
xy^95xy+[-^] =-^— ^. 

^ , . 95 25 

By evolution, ccy =-^ dz-^- = 60 or 35. 

From Eq. (1), aj+y=47-.35=12. 
By involution cc' + 2xy + y* = 144 ; 

4a)y =140. 
By subtraction, cc' — 2ocy + y* = 4. 
By evolution, x—y= ±2. 

Hence x=7 or 5. 

Prob. 11. By the first condition, 

x+y=:a. 



EXAMPLES FOB FBACnCE. 209 



By the second condition, — | — =&. 

X y 

Clearing of fractions, x-^-y^hxy^-a. 

Hence ^=i* 

By involution, cc' + ^ocy + ^ = a*. 
By subtraction, oj*— 2a^+^=<3t'— -r-. 



By evolution, x— y= ifc y ^'— -r- 



Hence a:=^±Y X""X* 

Prob. 12. Let x denote the number of days in which B could 
reap the field, and y the days in which could reap it. 

Ill 

Then ;rH — : - : : 24 : the number of dollars B would have re- 
9 X aj 

216 



ceived= 



9+a;» 



-x24= — =the number of dollars he did receive. 

^ ^ 216 120 
By the conditions, tt- — = + 1. 

Clearing of fractions, 

216a; = 1080 + 120x + 9a; + x'. 
Completing the square, /gm* Y'SfiQ 

cc«-87a;+^-^j =-^-1080. 

87 57 
By evolution, x = -^ ± ^ = 15 or 72. 

.. ^ 5 5 2^ 

Let x=15: then -+^-^+-=1. 
' 9 15 y 

T?^ • 2 5 11 

Eeducmg, -=1-^-^=^. 

Hence y=18. 

The other value of a? is excluded by the conditions of the 
problem. 
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Prob. 13. By the conditionB, as* 4.^= 35 ; (1) 

a*+y»=:20,195. (2) 

Involving (1), ic»+3cc*j/*+3aj'j^+»'= 42,875. (3) 
Subtract (2) from (3), 3a:y + Zt?}/' = 22,680. 

By division, a»+y»=-^^z=35. 

•Seducing, 0^^=216. 

By evolution, ocy=z6y or aj=-. (4) 

216 
Substitute (4) in (1), — r+y'=35. 

Completing the square, 

T> 1 ^. • 35 19 ^^ ^ 

By evolution, y*=-^dz-o-=27or8. 

By evolution, y=3 or 2. 

Prob. 14. ay = 300, or x= ; (1) 

aj*-y»=37(a3-y/. 
Divide by x— y, 

a'+a7+j^=37(aj-^yy=37£c'-74ay+37y*. 
Uniting terms, 36a:? + 36^ = 7 5oct/. 
Eeducing, 12x»+12y*=25ay. (2) 

Substitute (1) in (2), 

1,080,000 ^^ . ^^^^ 
-^— ^ — +123^=7500. 

« 

Clearing of fractions, 

2/*- 625j^=-. 90,000. 
Completing the square, 

4 ^o«. ^ /625V 390,625 860,000 
S/*-625y»+(-^j =— T— -— t— • 

625 175 
By evolution, y'=-^±-^=400 or 225. 

By evolution, y=20 or 15. 
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Prob. 15. Let x denote the first part, and 26,000— a; the second 
part Also, y the rate of interest of the first part, and 3 
the rate of interest of the second part. 

^ xy (26,000 -a)3 ' ^^^^^ 

Then i^=^-4oo"' ^^ xy=26fi00z--xz ; (1) 

=720, 03=72,000; (2) 



100 

(26,000 -x)y 

100 



= 980. (3) 



TT 98,000 

Hence y= 26,000-a; - ^*> 

Sabstitnte (2) and (4) in (1), 

98,000x • „„«^« 72,000 ^«^«^ 

aa ^f, — = 26,000 X — ^ 72,000. 

26,000— X ' X ' 

_ 49a 86 

^^^<^^S, 2^00=^=26.000 X --36. 

Clearing of fractions, 

49a;»= 24,336,000,000- 936,000x- 936,000a;+ 36aj*. 
Keducing, 13x' + l,872,000a;= 24,336,000,000. 
Completing the square, 

a«+144,000jc+(72,000)«=7,056,000,000. 
By evolution, sc = 84,000 - 72,000 = 12,000. 

Jlence 19 ooo ^ P cent. ; 

98,000 ^ 
2^=14;000=^.P^^^^^^ 

Prob. 16. Let x denote the number of feet in a side of the one, 
and y the feet in a side of the other. ' 

af'y+fx=z820; (1) 

a:»-2^= 9. (2) 

From Eq. (1), «^+y'=^- (^) 

820' 
By involution, a:*+ 2a:y + j^=-^. 

From Eq. (2), ir*-.2a5»y»+j^==81. 



212 KEY TO TBEATISE ON AMIEBRA. 

820* 
By subtraction, 4a;y = -^ — 81. 

Clearing of fractions, 

a^j^+?lj^'=410«=168,100. 

Completing the square, 

Slot^y" /81V .^o^/vn 6561 
«^J/*+-ir + U) =168,100 +-6J-. 

3281 81 • ^^ 
By evolution, aj*y* = — g— — g" = ^00. 

By evolution, ay = ± 20. 

• . 820 ,, 
From Eq. (3), ai»+y*=— =41. 

Hence 2a?y=40. 

By addition, 3?*+ 23^^+2^= 81. 

By evolution, a: + y = ± 9. 

By subtraction, a?*— 2icy +y'= 1. 

By evolution, sc — y = ± 1. 

Hence a;=±5 or ±4; 

y==b4 or ±5. 

The larger mass cost y'a?=5'x4=500 dollars ; 

the smaller mass cost aj'y=4' x 5=320 dollars. 

Prob. 17. Let x denote the length of the lot, and y the breadth, 

expressed in rods. 
The perimeter, expressed in feet, is ZZ{x+y\ and the cost 

of the lot was 330(x+y). 
Hence 330(a;+y)=660v^+330. 

Eeducing, ic+y=2v^+l. (1) 

Also, (^) =xy+l^. 

Expanding, a;'+2a:y+2/'=4a^+49. 

Eeducing, a' - 2a^ + y' = 49. 

By evolution, aj-y = i 7, or «?= 7+y. (2) 

Substitute (2) in (1), 

7+2y=2V^+l. 
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Kedncing, S+y= Vc^. 

By involution, 9+6y+y^z=xy=7y+^. 
Kedncing, y=9. 

Hence a? =16. 

Prob, 18. Let x denote the sum belonging to A; 2400—05 the 

Bum belonging to B. 
Let y denote B'b rate of interest, and y+1 denote A's rate 

of interest. w 

Then %+l)=gy(2400-a:). 

Expanding, 6xi/+Qx=12,000y—63cy. 

Uniting terms, llan/+Qx= 12,000y. (1) 

Also, »+ -^^J— =Y I 2400-0!+^^^-^^ — ^ f . 

Expanding, 

70a +7xy+'!x= 120,000 - 50aj + 12,000y- 5«y. 
Uniting terms, 

12ay+127a;-12,000j^= 120,000. (2) 

Subtract (1) from (2), a:y+121a!= 120,000. (3) 

Multiply (3) by 11, lla^+1331x=l,320,000. (4) 

Subtract (1) from (4), 

1325aj = 1,320,000 - 12,0002/. 

_ 52,800 -480y 

Hence x= gg . (5) 

Substitute (5) in (3), 

5H»=*§2l^+^(52,800-480y)=120,000. 

Keducing, 110y-j»'+13,310-121y=13,250. 

Uniting terms, ^+lly=:60. 

Completing the square, 

, , , /11\' 121 . 240 

By evolution, ^ = "o" "" T" *' 

52,800-1920 
From Eq. (5), x = ^ = 960. 
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Prob. 19. Let x denote the number of yards of the better sort, 
and y of the poorer. 
x{x+y) denotes the cost of the best piece. 
By the first condition, 

Expanding, ic'+2icy-y'=63. (1) 

Also, x{x+y)=i6y(x-^y). 

Expanding, os^^Sxy =—6^. (2) 

Completing the square, 

«.-5«y+(|)'=?a-6^. 

6y y 
By evolution, x=-^±^=:3y or 2y. 

Substitute 2y in (1), 

Keducing, ^=9. 

By evolution, y=3. 

Hence x=6. 

Substitute 8y in (1), 

93/»+62/«-y»=63. 

9 * 
Eeducing, ^~q* 

By .evolution, y=3 V^. 

Hence a:=9V^. 

Prob. 20. Keducing Eq. (2), we have 

3x'— 5ajy=2y'. 
Completing the square. 



6o^ , /%y_492/' 



^' 3 +V6/ ~ 36 • 



By evolution, aj=-~db-|^=2y. 

Substitute this value in Eq. (1), and we have 

8y^ 6y +3- 

Hence y = 3, and »= 6. 
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PSOGSESSIONS, PAGE 381. 

Ex. 1. 8=^{a+T)=500 x 1001=500,500. 

Ex. 2. s~{a+T)-19x 2839=53,941. 

6 
Ex.3. a=Z-(n-l)d:=24-21x==9; 

tf=|(a+Z)=llx 33=363. 
Ex.4. n=-^+l=21x=+l=25; 

tf=2(a+Q=-22^x-2=-28H. 

^^^^ /^=^=28-=2«J 

Z-g 18 2 
^"n-l""27""3' 

m+1 9 3 

Ex.7. Bepresent the series .by a, a+d, a+2d, a+Sd, etc. 

a+18d+a+^2d+a+56d=827. 

Hence 3a+116<?= 82T; (1) 

a+i6d+a+57d+a+Q8d+a+ 72d=1581. 

Hence 4a+223<?=1581. (2) 

Multiply (2) by 3, 12a+669<2=4743. (3) 

Multiply (1) by 4, 12a +464<?= 3308. (4) 

Subtract (4) from (3), 295dr=:l435. 

Hence d=1. 

From Eq. (1), 3a + 812 = 827. 

Hence a =5. 

5 

Ex.8. 2=a+(»— l>?=3.24+499xj^=28.19; 

«=|(a+i)=250 X 31.43=7857.50. 
Ex.9. 2=a+(n-l)i=16T!i+19x324^=627i; 
«=|(a+Z)=10x6434-=6433^.. , 
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Ex. 10. Bepresent the four parts by 

g—Sd, g—d, g+d, :g+Sd. 

By the conditions, =^ + 15d* = jq. 

1 



Hence d*= 



400' 



By evolution, '^"SO » 

1 S^_2l l_i.lA 1 JL_A 1 i._A 

4~20~1U' 4~20~10' 4'^20~10' 4'''20~10* 

Ex. 11. After redaction, we have 

ol*-17x=2S78. 
Completing the sqnare, 

. .„ /I'TV' 9801 




By evolution, a;=-Q-±-n-=58. 

Last term =172 -144 =28. 

Ex. 12. After reduction, we have 

5y*-9l2/=-366. 
Completing the sqnare, 

7320 



^_9iy.^?iV_!28i_; 

^ 5 ^ \10/ ~ 100 



100' 

T> w 91 31 - 

By evolution, y=j^zi:z^=Q. 

86— 60 =26= the number of men alive when the provisions 
were exhausted. 

Ex.13. ?=ar— '=2"=4096. 

,=^=8192-1. . 

Ex.14. 2=ar— '=7 x3"=7x 59,049=413,343; 

Ir-a 1,240,029-7 „^^^,\ 
"=7^=1=-^-^ -=620,011. 
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-, .. . . (r-l> 6x411,771 ^ 
Jix.ia. a--^^^^- 823,542 -'^J 

Z=ar»-'=3 X 7'=3 X 117,649. 

1 

="/J=0.94:3874=the first term; 

7^=: 0.89090 =the second term, etc. 
Ex. 17. A=P(l+r)-=1200(1.04)"=1200 x 4.10392=4924.70. 



Ex.18. ^=Q" =(l,048,576y^=4. 



Ex.19. X + xy+ a:j/*=42; (1) 

a^— 2ocy+ X = 6. (2) 

Subtract (2) from (1), Sxy =36, or«y=12. (3) 

Substitute (3) in (1), x +12 +12y=42. 
Hence aj=30-12y. (4) 

Substitute (4) in (3), 30y-12y*= 13. 

Completing the square, 

, 5y /5\' 23 ^ 

5 3 1 

By evolution, y=i-r±-^2 or ^, 

Hence x=:'^=6 or 24. 

The numbers are 6, 12, and 24, or 24, 12, and 6. 
Ex.20. ^ ajy»~a;=24; (1) 

xy-x^ : xy +ajy +aj' : : 5 : 7. (2) 

Keducing, 7j^ — 7 = 5 j^ + 5y* + 5. 

Completing the square, 

y^ 2 ^W 16^16 

^ 5 11 , 3 

By evolution, y*= j±-7-=4 or — „. 

By evolution, y= ±2. 

24 24 
From Eq. (1), a=^^— j=-g =8. 

K 
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Ex. 21. Denote the numbers by a?, xy^ xj/^ ; then 

a;»y»=216. 
By evolution, xy==6. 

We may then denote the series by 

^ 6, 6y; 

^+216+216y»=1971. 
Clearing of fractions, 

Uniting terms, 8y* — 65^ = — 8. 

Completing the square, 

^ 652^ /65V 4225 . 
S^-"r+VT6/ = 256'"'^- 

65 63 ^ 1 
By evolution, 2^~i6^i6~^^8' 

By evolution, ^=2 or ^. 

Hence a;=3 or 12. . 

The numbere are 3, 6, and 12, or 12, 6, and 3. 

Ex.22. a?+icy+a?2/'+ay=3§0; (ly 

xf-x : xy^—xy : : 37 : 12. (2) 

Divide by ajy-a:, j^+y+l:y::37:12. 
Keducing, 123/»+12y+12=37y. 

Completing the square, 

25v /25\» 625 ^ 
2^'-12-+W=576-^- 

25 7 4 3 

By evolution, 2^=24'*' 24"^ 3 ^^4' 

_ ,^^ 4x 16aj 64cc ^^- 

From Eq.(l), ^+'^'^^^'27 

Clearing of fractions, 

27a; + 36aJ + 48a; + 64a; = 27 X 350/ 

Uniting terms, 175a;= 27 x 350. 

Hence a? =54. 
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Ex. 23. Denote the numbers by 

Then 2ay— a^+aj=14; (1) 

xy'+xy =12. (2) 

Subtract (1) from twice (2), 

Vj+x 
3a2^-a?=10, or y= ^ . (3) 

Substitute (3) in (2), 

{10+xf 10+x 

~9^~+~3~=-^^- 
Clearing of fractions, 

100+20a;+«'+30aj+3a:'=108a?. 
Completing the square, 

, 290? /29\« 841 ^^ 

29 21 ^ 25 
By evolution, ^="4 =^"4 = 2 or -^. 

Hence ^^"^ — ~2 or ^. 

Ex.24:. Denote the numbere by 5— y, 5, 5+y. 
By the conditions, (6-y)(24:+y)=9'. 
Expanding, 144-18y-y»=81. 

Transposing, y* + 18y + 81 = 144. 

By evolution, y=12— 9=3. 

The numbers are 5— 3, 6, and 5+3. 



THE END. 



■pn 

Hy 2555 J 




